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Introduction

This report deals with the computation of the inverse
hyperbolic functions such as sinh—l(x), cosh_l(x) and tanh_l(x).
The computation of such functions are based on using Chebyshev
series expansion to compute sinh_l(x) and then to compute cosh_l(x)
and tanh_l(x) using the common relationships between these different
functions.

FORTRAN IV programs were written to compute sinh_l(x)
and cosh_l(x) for the range: = © <x < ® and the programs were
tested on a PDP-11/45 computer using double precision arithmetic.
The results were compared to existing tables of special functions.

It is concluded that those programs can compute sinh_l(x) and

cosh-l(x) to a very high accuracy.

*The authors are with the group of Simulation, Optimization and
Control and the Department of Electrical Engineering, McMaster
University, Hamilton, Ontario. This work was supported by the
National Research Council of Canada and McMaster University.



The problem of choosing n to obtain the required accuracy
D (i.e. the results are required to have D decimal places) can be
resolved very simply as follows [2]: Let's try to compute the

fictitious function F(x) having the following array c,:

xr Cr r Cr

0] 2.532131756 6 0.000542926
1 1.130318208 7 0.000044977
3 0.271495340 8 0.000003198
4 0.044336850 9 0.000000011
5 0.005474240 10 0.000000001

and it is required to have 5 decimal places in the results.

We start examining ClO’ c9, c8, .., in turn until one is found
. . - (5+1) -6
(c7 in this case) whose modulus exceeds 10 (=10 7). Thus
n=7 in this case and F(x) will be best computed as:
F(x) = %co + clTl(x) + c2T2(x) + ... + c7T7(x) (3)

to the required accuracy.

In order to compute fn(x) using the expansion (1),

c. ,C

0 n and x are to be given and the required accuracy

1r e
D is also given. A procedure- as described before - will provide
n(< m) and then we have to compute Tl(x), ceoy Tn(x). The method

most commonly used in computing these Chebyshev coefficients is

discussed in details in [2]. It consists essentially in the



X C
r

0 + 1.87179 96008 82618
1 - 0.05881 17611 89952
2 + 0.00472 74654 32212
3 - 0.00049 38363 16265
4 0.00005 85062 07059
5 - 0.00000 74669 98329
6 + 0.00000 10011 69358
7 - 0.0C000 01390 35439
8 0.00000 00198 23169
9 - 0.00000 00028 84747
10 + 0.00000 00004 26730
11 - 0.00000 00000 63976
12 + (0.00000 00000 09699
13 - 0.00000 00000 01484
14 + 0.00000 00000 00229
15 - 0.00000 00000 00036
16 + 0.00000 00000 00006
17 - 0.00000 00000 00001

1]
with check values 2 cr = 0,88137 35870 19541

1
I (-1 = 0.99999 99999 99999

Comments

The procedure outlined above can be used to compute
some other special functions such as: exp(x), sin_l(x), n(x),
tan—l(x), T'(x) and erf(x). In reference [l] the arrays ci's
required to compute such functions are given to 15 decimal

places.



Theory

To compute an inverse hyperbolic function, this
function is represented by one or more polynomial approximations
in the form of Chebyshev series [l]. The meshed of Chebyshev
series expgnsion has been selected for several reasons: It is
economical, in the sense that the number of data required to
specify each function is small; the error of an approximation
is easily assessed; and it is widely applicable since any
continuous function of bounded variation has a convergent Chebyshev
series éXpansion [l].

The function f(x) will take the following form, when

expanded in an infinite Chebyshev series in the range - 1 <x <1:

£(x) = %ey + ¢ T (x) + ¢, T (x) + ... (1)
where

Tr(x) = Cos{r Cos_l(x)} (2)

If the series in (1) is truncated after the term
chn(x) and provided that the series is rapidly convergent, then
this approximation differes insignificantly from the best polynomial
approximation of the degreé n. Also since |Tr(x)[ <1 for all r,
then the error in the truncated series cannot exceed lcn+l| +

[ + ..., for which a bound can be computed by inspection.

Icn+2



formation of the sequence bn' b ey bo from the relations:

n-1'

br = 2 br+l - br+2 + Cr v bn+l - bn+2 =0 (4)

and

£ x) = %(bo—bz) (5)

The actual procedure of computing sinh_l(x) is summarized
as follows:

1. If the argument |xl > 1 then:
N 2 .
sinh "~ (x) = 2n(|x[+ 1 +x ). sign(x) (5)
Of course if lxl >> 1, we can use the relation:
L=l
sinh ~(x) = 2n|x[+ n 2 (6)
This relation was used if Ix[ > 108.

2. If le <1, then the Chebyshev series with arguments 2x2-l

to find —i—sinh_l(x). this:

.. -1 !
sinh " (x) = x . z ch2r(x) (7)
]
where z means the summation as in (1), i.e. using only %co

and not co.

The coefficients .. given below [3] form the array required in

the expansion (7):



Testing

Subroutines were written to test the algorithm and
variety of test values were obtained. In reference [3] +, the
author suggested testing the algorithm for sinh_l(O.Z), sinh_l

(-5.0) and sinh-l(log). The results obtained are:

sinh'l(o.z) = 0.1986091134421323
sinh 1 (~5.0) = -2.312438321653790

sinh_l(log) = 21.416413101803796

in a very good agreement with the results given in [3] . 1In
addition to the above test values, the algorithm was tested to

compute sinh_l(x) and cosh_l(x) for the following ranges:

1. 0 <x <10 steps of 0.2

2. 0 <x <50 steps of 1.0

3. 0 < x < 500 steps of 10.0
4. 0 < x < 5000 steps of 100.0
5. 0 < x < 50000 steps of 1000.0

The obtained results are as given in the appendix

together with the FORTRAN IV subroutines uged in the computation.
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Appendix

1. Results of computation,

2. Listing of programs.
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13.

FUNCTION ASINH(X)
C.'...
CeeesolrlS IS A FUNCTION PRCGRAM TO COMPUTE THE INVERSE HYPERBOLIC
Ceooese FUNCTION ARCSINH(X). FOR ABS(X)<l THL PRCCEDURE USES A CHEBY~-
CeooeoCHEV SERIES WITH ARGUMENT 2XxX-1 TO EVALUATE ARCSINH(X)/X. FOR
CeoeosehBS(X)>1 THE RELATION ARCSINH(X)=LN(ABS(X)+SQRT(l+X*X)) IS USED.
C.‘...
DIMENSION CC1@)
DOUBLE PRECISION C,A,AA,ASINH,Y,AL2
DATA C/1.87179964088261D0,=0.u6588117611895D0,0.8047274654322108,
1l =0.000493836316265D0,0,088058506267859D8,-2,008007466998329D0,
2 D.000001001169358D0,-0.00000L139035439D8,0.000000819823165Du,
S D.000022082884747TD8/
Y=ABS (X)
IFCABS(X) oGEWl 4 ¥E+8)GO TO 2
A= X% X
IFCA.GT.1.8D3)G0 TO |
AATA+A-1.0DY
ASITNH=X*CHEBY(AA,C,19)
RETURN
l Y=ABS5 (X)
AZALOG(Y+SQRT (1l .¥Dd+A) )
GO TC 3
2 AL2:=0.6931471885595453D8
AZALOG(Y)
ATA+AL2
3 IF(X,LT.0e8)A==A
ASINH=A
RETURN
END



14,

FUNCTION ACOSH(X, ICHECK)
C.O..O
CeeoeslTHIS IS THE FUNCTION PROGRAM TU COMPUTE THE INVERSE
CeooeeHYPERBOLIC FUNCTION ACOSH(X) .
C.O...
DOUBLE PRECISION ARG,ACOSH
ICHECK=@
IF(XeLTe1l.@d)G0O TO 1
ARG=X%X-1,0Dv
ARG=SQRT CARG)
ACOSH=ASINHC(ARG)
RETURN
i ICHECK=]
WRITE(6,2)ICHECK
2 FORMAT(" X IS OUTSIDE THR RANGE 1<X<INFINITY.',3X, "ICHECK="',
1 2X,11)
RETURN
END



15.

FUNCTION CHEBY(X,C, )
C.....
CeeeeeTHIS IS A FUNCTION PROGRAM TO COMPUTE THE VALUE OF AN N-TERM
Coeeeos EXPANSION IN CHEBYCHEV POLYNOMIALS WITH COEFFICIENT VECTOR
Coeoeosl AND ARGUMENT X.
C.‘...
DIMENSION CCI1)D
DOUBLE PRECISION C,CHEBY,X,d0,Hl,H2 ,ARG
IFCN1,1,2
RETURN
IF(N=2)3,4,4
CHEBY=C(1)
RETURN
ARG=X+X
dl=0.4D08
H0=0.0D0@
DO 5 I=1,N
K=N-1
R=Hl
Al =HO
5 HO=ARG*Hl =H2+C(K+1)
CHEBY=d.,5Dg*(HU=H2)
RETURN
END
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