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SUBROUTINES FOR IMPLEMENTING QUADRATIC MODELS OF

SURFACES IN OPTIMAL DESIGN

H.L. Abdel-Malek and J.W. Bandler

Abstract

This collection of subroutines is primarily for approximating
functions of many variables by quadratic polynomials as well as
evaluating them. They are oriented for use in a tolerance optimization
process. The quadratic approximation is obtained, exploiting sparsity,
in Subroutine MODELY4. The evaluation of the resulting polynomial at the
vertices of the tolerance orthotope is performed using an efficient

technique.
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DESCRIPTION

This report should be read in conjunction with previous work by the
authors [1-3]. The quadratic interpolation is performed by solving a
system of 1linear equations with the coefficients of the quadratic
polynomial as unknowns. In general, the resulting system of linear
equations is of order

N = (k+1)(k+2)/2,
where k is the number of parameters [1].

For a particular choice of base points (points where the quadratic
polynomial coincides with the approximated function), the effort in
solving the system of simultaneous linear equations can be reduced to
5k2 - 2k operations (multiplications or divisions) instead of the well
known (N3 + 3N2 - N)/3 operations for Gauss elimination. This is done
by exploiting sparsity in the system of linear equations in Subroutine
MODELY.

The evaluation of the quadratic polynomial and its derivatives
using Subroutine QPE is performed in an efficient manner. The procedure
is to start by evaluating the polynomial and its derivatives at the
vertex nearest to the origin. Values at other vertices are obtained
from neighbouring ones exploiting simple properties of quadratic
polynomials [1,2].

Subroutine VERT generates the vectors gr for each vertex gr (1,217,
according to the vertex numbering scheme
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APPENDIX

FORTRAN LISTING OF THE SUBROUTINES MODEL4, QPE AND VERT



Qf)ﬁf)ﬁf)ﬁCﬁOC?O(?O€30(ﬁﬂf?ﬁCﬁﬁ(’ﬁCﬁOCﬁOC)OC)Q(’OCﬁﬂCﬁOCﬁQC?OC?OC?OC?O(ﬁQC?Of)OC)OC?OfﬁOC5OC)OC§QC§QC’OC§QC)O

1006

-5 -
SUBROUTINE MODEL4(N, NR, NOBP, X, B, V, CX, AF, TAF, H, MP, NREM, 1.J)
e R L L LTt LT iy
N = NUMBER OF PARAMETERS
NR = NUMBER OF FUNCTIONS TO BE INTERPOLATED
NOBP = NUMBER OF BASE POINTS = (N+1)*(N+2)/2

X = ARRAY OF DIMENSION N IN WHICH CENTER OF INTERPOLATION IS
GIVEN

B = AN ARRAY OF DIMENSION NOBP * NR IN WHICH THE COEFFICIENTS
OF THE POLYNOMIALS WILL BE RETURNED, FOR EXAMPLE, B(5,2) IS
THE STH COEFFICIENT OF THE 2ND POLYNOMIAL

NREM = N%(N-1)

V = AN ARRAY OF DIMENSIONS NREM IN WHICH THE USER SUPPLIES
NUMBERS SUCH THAT ABS(V) LESS THAN ONE AND NOT EQUAL TO
ZERO. THESE NUMBERS ARE USED TO CHANGE TWO PARAMETERS AT
A TIME '

CX = WORRKING ARRAY OF DIMENSION N TO STORE THE CENTER
OF INTERPOLATION

AF = AN ARRAY OF DIMENSION NR USED AS A WORKING AREA TO STORE
ACTUAL FUNCTION VALUES AT A CERTAIN BASE POINT

TAF = WORKING ARRAY OF DIMENSION NR USED FOR STORING 2%AF

H = AN ARRAY OF DIMENSION N IN WHICH THE STEPS DEFINING THE
SIZE OF THE INTERPOLATION REGION ARE SUPPLIED BY THE USER

MP = 1 IF THE QUADRATIC MODEL IS TO BE PRINTED, OTHERWISE SET
TO ZERO

IJ 1 FOR FIRST CALL TO MODEL4, OTHERWISE SET TO ZERO

SUBROUTINE ACFUNS(X,AF) IS CALLED TO SUPPLY VALUES OF AF(NR)
AT X(N)

[}

KRR KKK EXAMPLE kKKK ER

THIS EXAMPLE ILLUSTRATES HOW TO OBTAIN THE COEFFICIENTS OF
THE INTERPOLATING POLYNOMIAL USING MODEL4

PROGRAM TST( INPUT, OUTPUT, PUNCH, TAPES= INPUT, TAPE6=0UTPUT
+, TAPE?=PUNCH)

DIMENSION X(3),CX(3),B(10,1),V(6),AF(1),TAF(1) +H(3)

DATA N, NR, NOBP,MP,NREM, 1J/3,1,10,1,6, 1/

DATA H/3%0.04/

DATA v/-0.9,-0.7,0.6,0.5,0.5,-0.6/

DATA Xr2.,2.,1./

CALL MODEL4(N,NR,NOBP, X, B, V,CX, AF, TAF,H, MP,NREM, 1J)

PUNCH(7,100) (B(I, 1), I=1,NOBP)
FORMAT(5E16 . 8)

STOP

END

SUBROUTINE ACFUNS(X, AF)

DIMENSION X(1),AFC1) . . . . .

AF(I) = FUNCTION OF X(1,2,..,K) , I=1,2,..NR
RETURN

END

MOD
MOD
MOD
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MOD
MOD
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MOD
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MOD
MOD
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MOD
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DIMENSION X(N),B(NOBP,NR),V(NREM ,CX(N),AF(NR), TAF(NR)

DIMENSION H(N)

IF(1J.EQ.8) GO TO 10
MM=( (N+2)*(N+1)) 2
MM1=MM-1
MMN=MM-N-1

LK=N-1

CALL SECOND(T1)

DO 26 J=1,N
CX(J)=X(J)
CONTINUE

CALL ACFUNS(X, AF)
DO 25 J=1,NR
B(MM, J) =AF(J)
TAF(J) =AF(J) +AF(J)
CONTINUE

DO 406 I=1,N
X(D=CX(D+H(D)
CALL ACFUNS(X, AF)
DO 36 J=1,NR
B(I,J)=AF(J)
CONTINUE
X(D=CX(D-H(D)
CALL ACFUNS(X, AF)
TH=H( I)+H( )
HH=H( 1) *HCI)

THH= HH+HH

Do 35 J=1,NR
B(MMN+1,J)=(B(I,J)-AF(J))/TH
B(I,J)=(B(I,J)+AF(J)-TAF(J))/THH
CONTINUE :

XD =CX(D
CONTINUE

IR=N

IRR=1

DO 56 1=1,LK
I1=1+1

MI=MMN-+I

DO 56 K=I1,N
VHI=V( IRR) *H( I)
VHK=V( IRR+1) *H(K)
MK=MMN+K

IR=IR+1

IRR= IRR+2
X(I)=CX(1)+VHI
X(K) =CX(K) +VHK
DV=VHI*VHK

CALL ACFUNS(X, AF)
DO 45 J=1,NR

BCIR,J)=(AF(J)-B(MM,J)-VHIR®(VHI*B(I,J)+B(MI,J))?
~VHK*( VHK*B(K, J) +B( MK, J) ) ) /DV

45 CONTINUE

50

65

H(D)=CXCI)

X(K)=CX(K)

CONTINUE -
DO 65 J=1,NR

Do 55 I=1,N

MI=MMN+I

A=B(1,J)*CXCID)

B(MM, J) =B(MM, J)+CX( I) *(A-B(HMI, J))
B(MI,J)=B(MI,J)-A-A
CONTINUE

IR=N

DO 60 I=1,LK

MI=MMN+I

I1=1+1

DO 66 K=1I1,N

MK=MMN+K

IR=IR+1

A=CX(I)*BC(IR,J)

B(MM, J) =B(MM, J) +A%CX(K)

MOD 740
MOD 750
MOD 760
MOD 770
MOD 7860
MOD 796
MOD 8600
MOD 810
MOD 820
MOD 836
MOD 840
MOD 850
MOD 860
MOD 876
MOD 886
MOD 8990
MOD 960
MOD 910
MOD 920
MOD 936
MOD 9490
MOD 950
MOD 966
MOD 970
MOD 9860
MOD 990
MOD1000
MOD1010
MOD1620
MOD1630
MOD1640
MOD1650
MOD1666
MOD1070
MOD 16806
MOD109%¢
MOD1166
MOPi116
MOD1126
MOD11390
MOD11490
MOD11590
MOD1160
MOD1170
MOD1186
MOD1190
MOD 12060
MOD1210
MOD 1220
MOD1236
MOD1240
MOD12506
MOD1260
MOD1276
MOD12860
MOD129%@
MOD1366
MOD1310
MOD1326¢
MOD1330
MOD1340
MOD1350
MOD1360
MOD1370
MOD1380
MOD 1396
MOD1400
MOD1410
MOD14206
MOD1436
MOD 14490
MOD1450
MOD1460
MOD 1470
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B(MI,J)=B(MI, J)-CX(K)*B(IR,J)
B(MK, J)=B(MK, J)-A

CONTINUE

CONTINUE

CALL SECONRD(T2)

IF(MP.NE. 1) RETURN
WRITE(6,200)

DO 70 I1=1,N
WRITE(6,250) H(I)
CONTINUE §
T=T2-T1 °
WRITE(6,260) T

DO 150 MA=1,IlR
WRITE(6,270) MA
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WRITE(6,280) (B(I,MA),I=1,MM).

CONTINUE

FORMAT( 1H1, 4X,%*STEPS AROUND CENTER OF INTERPOLATIONx)

FORMAT(4X,E16.8)

FORMAT(/,4X,*MODELING TIME IN SECONDS =%,E16.8)
FORMAT(/,4X, *ER(*, I2,%) %, /,4X, 6 (k-x))

FORMAT(5(4X,E16.8) ,/)
FORMAT(5E16.8)

RETURN

END

e

MOD14.80
MOD1496
MOD1500
MOD1510
MOD1526
MOD1530
MOD1540
MOD1550
MOD1560
MOD1570
MOD1580
MOD1596
MOD1600
MOD1616
MOD1620
MOD1630
MOD1640
MOD1650
MOD1660
MOD16790
MOD 1680
MOD1696
MOD 1760
MOD1710
MOD1726



zivivivivicivivicivivivivivizisiviviviclsivlivivsisiololololololeciviviviclololvioirivivivivlvIviviviviv o ieioio vl oToto ol oo Tol oo To o R v

-8 -

L o A e N Sm T NS M tm M  me e S Sl ew e e et v S e e e e e wwwD e e e S e

N = NUMBER OF VARIABLES ( INCLUDING TOLERANCES)

NN = NUMBER OF NOMINAL VALUES OF THE. PARAMETERS (OR NUMBER
OF VARIABLES IN CASE OF A SINGLE POINT)

NAC = NUMBER OF ACTUAL CONSTRAINTS ,. E.G.,IF THERE ARE FOUR
VERTICES FOR TWO CONSTRAINTS NAC=2, 8 ERROR FUNCTIONS
RESULT
X = INPUT VECTOR OF DIMENSION N

ER = ARRAY OF DIMENSION NAC IF LL=0, OTHERWISE (LL=1) OF
DIMENSION NVkNAC

=N

QPE

QPE
QPE
QPE
QPE
QPE
. QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE

GE = AHRAY OF GRADIENTS OF ERROR FUNCTIONS HAS DIMENSION (N,M), QPE

WHERE M IS THE NUMBER OF ERROR FUNCTIONS AS INDICATED IN
THE DIMENSION OF ER

B = ARRAY OF POLYNOMIAL COEFFICIENTS, DIMENSIONED (NOBP,NAC),
WHERE NOBP = (NN+1)%(NN+2)-2

IV = ARRAY DEFINING THE VERTICES AND IS SUPPLIED BY THE USER,
DIMENS IONED (NN,NV), IF EVALUATION AT A SINGLE POINT IS
REQUIRED (LL=6) THEN NV=1 AND IV IS NOT SUPPLIED

it

H = WORKING ARRAY OF DIMENSION (NN,NN)

Y WORKING ARRAY OF DIMENSION NN

u

NOBP = (NN+1)%(NN+2),/2 SUPPLIED BY USER

NN
2 NUMBER OF VERTICES AND EQUALS 1 FOR A SINGLE POINT

LL = INTEGER SUPPLIED BY USER, FOR LL=1 EVALUATION AT VERTICES
IS REQUIRED, FOR LL=0 EVALUATION AT A SINGLE POINT IS
REQUIRED

NV

KKK RN EXAMPLE KKk KKK

THIS EXAMPLE ILLUSTRATES THE USE OF QPE TO SUPPLY THE VALUES
OF FIVE POLYNOMIALS AT THE VERTICES FOR A PROBLEM WITH THREE

PARAMETERS
XD, 1=1,2,8 ARE THE NOMINAL PARAMETER VALUES
Xn, 1=4,5,6 ARE THE CORRESPONDING TOLERANCES

THE VALUES OF B(10,5) AND IV(3,8) ARE ASSUMED TO BE
TRANSFERED THROUGH A COMMON STATEMENT

DIMENS ION ER(40),GE(6,40) ,H(3,3),Y(3)
COMMON/MIM” B(10,5),1V(3,8)

DATA N, NN, NAC, NOBP,NV,LL/6,83,5,10,8, 1/
DATA X1.1,2.0,3.0,0.01,0.5,0. 15/

CALL QPE(N,NN,NAC,X,ER,CGE,B, IV,H, Y, NOBP, NV, LL)
WRITE(6,*) ER,GE

STOP
END

DIMENSION X(1),ER(1),GE(N, 1),B(NOBP,NAC), IV(KN,NV) , H(NN, NN) , Y(NN)
MM=NOBP
MM1=MM-1
LK=NN-1

QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
GPE
QPE
QPE
QPE
QPE
Qre
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
QPE
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440
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4806
490
5060
510
520
530
540
550
560
570
5860
596
600
610
620
630
640
650
660
670
686
690
700
710
720
730



P

aan

[velv]

10

20
25

30

40

50

70

86
96

95
99

IF(LL.EQ.1) GO TO 10
DO 5 I=1,NN

Y(I)=X( I)

CONTINUE

GO TO 25

STARTING AT THE VERTEX Y¢I)=X(I)-X(I+NN)

DO 20 I=1,NN
YCI)=X(I)-X( I+NN)
CONTINUE

DO 166 Ki=1,NAC

K= 1+NV*(K1~1)
IF(LL.NE. 1) K=Kl
S=B(MM, K1)

DO 36 I=1,NN
T=B(I,K1)*Y(I)
S=S+T®Y(I)
GE(I,K)=T+T

H(T, I) B(I,K1)+B(I,K1)
CONTINUE

KM=NN

DO 46 I=1,LK

LH=1+1

DO 40 J=LH,NN

KM=KM+ 1
T=B(KM, K1) %Y( I)
S=S+T*Y(J)
GE(1,K)=GE(I,K)+B(KM, K1) *Y(J)
GE(J,K)=GE(J,K)+T
H(1,J)=B(KM, K1)

H(J, D=H(I,J)
CONTINUE

DO 50 I=1,NN

KM= KM+ 1
S=S+B(KM, K1) *Y( I)
GE(I,K)=GE(I,K)+B(KM,K1) .
CONTINUE

ER(K) =S

IF(LL.NE.1) GO TO 1060

OTHER VERTICES

JU=1

L=K

LG=1

MI=K-1

DO 96 I=1,NN

M=MI

INN= I+NN

EP=X( INN)

TE=EP+EP

DO 706 IR=1,NN

H¢ IR, I) =TEXxH( IR, I)
CONTINUE
EPH=EP*H(I, I)

DO 806 J=1,JU
M=M+1

L=L+1

LG=LG+1

ER(L) =ER(M) +TE*GE( I, M) +EPH
DO 80 IR=1,NN

GE( IR, L) =GEC IR, M) +H( IR, I)
CONTINUE

JU=JU+JU

CONTINUE

L=K

DO 99 II=1,NV

DO 95 I=1,NN
J=I+NN

GE(J, L) =FLOATC(IV(I,II))*GECI,L)
CONTINUE

L=L+1

CONTINUE

X(I+NN) IS EPSC(D)

QPE

740

‘750

760

7o

789
790
860
816
820
830
840
850
860
870
880
890
900
910
9260
930
940
956
966
970
980
990

QPE1600
QPEIO10
QPE1620
QPrE16360
QPE1040
QPE1650
QPE1060
QPE1670
QPE1680
QPE1090
QPE1160
QreEi110
QPE11260
QPE1130
QPE1140
QPE1156
QPE1160
QPE1176
QPE1180
QPE11990
QPE 1200
GPE1216
QPE12260
QPE1230
QPE1240
QPE1259
QPE1260
QPE1270
QPE12860
QPE1290
QPE1360
QPE1310
QPE1320
QPE1330
QPE1340
QPE1359
QPE1360
QPE1379
QPE13860
@PE1396
QPE1460
QPE1410
QPE14260
QrE1436
QrE1440
QPE1450
QPE1460
QPE1470
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166 CONTINUE ' . QPE1480
RETURN QPE1490
END QPE1560



-1 -

SUBROUTINE VERT( IV, NN, NV) B VER 10

- o o w emremomm o mn el o
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20

36

VER 20

THIS SUBROUTINE GENERATES THE MU S ACCORDIRG TO THE COMMON VER 30
NUMBERING SCHEME OF THE VERTICES VER 40

- VER 5o

KRR = NUMBER OF PARAMETERS ( INPUT) VER 60
NV = NUMBER OF VERTICES (INPUT) VER 70
IV = ARRAY OF MUS (OUTPUT) VER 86
VER 96

VER 1090

VER 110

DIMENSION IV(NN,NV) VER 120
VER 136

II=1 VER 140
MI=NV VER 156
DO 380 I=1,NN VER 166
IR=0 VER 170
IS=~ VER 186
DO 26 J=1,MI VER 196
DO 10 K=1,1I VER 260
IR=IR+1 VER 210
IV(I, IR =18 VER 226
CONTINUE VER 230
IS=~18 VER 240
CONTINUE VER 250
II=TI+11 VER 260
Mi=MIr2 VER 276
CONTINUE VER 286
RETURN VER 296
END VER 300
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