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Abstract

A brief review of methods proposed for solving the matrix Riccati
equation is given. A FORTRAN listing of a computer program based on
Kleinman iterative technique is included. It is shown how to formulate
the system of‘simultaneous linear equations to be solved in the Kleinman

method. Some illustrative examples are also given.
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I. INTRODUCTION
Consider the nth-order linear system given by

X =AxX+Bu. (1)

The linear time invariant reguiator problem can be stated as follows:
find the optiﬁal control g* which minimizes the cost function
(performance index)

1 »

Y I (xT Qx + uT R u) dt , (2)
0 ~ ~ o~ ~ e AN

J =

where the matrices Q and 5 are both symmetric, and non-negative and
positive definite, respectively.
#
The optimal linear control u which minimizes the cost function J

is given by [1],

* 1

u = -R BT'g'x, (3)

where P is the constant n x n matrix which is positive definite and is

the solution of the algebraic quadratic matrix equation
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The existence of the steady state (and constant) solution -E is
guaranteed by the controllability condition of the system [g,?]. The
observability condition guarantees the positive definiteness of'f.

The minimum cost for steering any initial state 5(0) to the origin

is given by

¢ %
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o
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{(0) y (5)

There are several different approaches to obtain the solution of

equation (4).



- (A) A procedure described by Potter in [2], which requires the

- (B).

‘computation of the eigenvalues and eigenvectors of the matrix y

given by

(R

(6)
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This matrix has the property that, if A is an eigenvalue of M then

-1 is so. Let the matrix of eigenvectors v be given as

|
Vi 1 Yo
|
Vo= |-mmmmm e (7)
~ 1
i
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Yor 1 Vp
and is constructed such that,
-A 1 O
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L A e e I (8)
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where ) is a Jordan block form of the eigenvalues with positive

real parts. Then the desired matrixlg is given by

S -1
P=lo ¥y - | (9)

The following procedure was desqribed by Bucy and Joseph [3]. It

is based on computing only the eigenvalues of the matrix M. Then a

matrix p(M) is constructed in the following manner,

MW Lo M2, a1 (10)

o
p(M) =M% + a, M 2 % q t2n ’

where a, 32, ey a_ and q are obtained by constructing the

q



pose

(c)

polynomial p(s) whose zeros consists of the left half plane

(negative real part) eigenvalues of M.

p(s) = sd 4 a1s,q-1 +azsq-2 + ...+ a_ ., (11)

q
Then'f is uniquely defined by solving the‘system of linear equations

given by

(12)
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The two previous methods require eigenvalue computation which may

some problems for large-order systems.

An iterative procedure was presented by Kleinman in [4]. This
procedure was applied and a computer program is available. Some
illustrative examples are also presented (see the Appendix).
A formulation of the system of linear equations for solving the
matrix equation |
RS/ a3)
is presented, it contains n(n+1)/2 equations for the case of

symmetric W and hence P is also symmetric.

II. THE KLEINMAN ITERATIVE TECHNIQUE FOR

SOLVING THE RICCATI EQUATION

The algorithm [U4] can be described by the following steps.

Step (j) Select an mxn matrix EO' where m is the number of inputs and n

is the order of the system, such that



Steh (2)

Step (3)

Step (4)

B=h-Bl

has all its eigenvalues with negative real parts. If all the

eigenvalues of A are with negative real parts L, = 0 is an

0

immediate selection. Such an L0 always exists since the system

is completely controllable [5].

Solve the system of linear equations given by

T T
ek gk + gk ék + Q + Ek E Ek = Q, k=20,12, ... (14)

for g In general, since P, is symmetric, this i: a system of

ko

n(n+1)/2 equations.

k

Find the feedback matrix
-1 _T
Ly=R B P . (15)
Calculate,
Ag=A-BL, (16)

‘and go back to Step (2).

It is proved that Lim P

E.and that the convergehce of the
K+ - '

positive definite sequence P P

Pis Pyy e to P is quadratic at the

limit [4].

The stopping criterion used in the program is

||§k+1||¢ = "Ek"w <e, . a7

where ¢ is a prescribed small'positive number.



III. FORMULATION OF THE SYSTEM OF LINEAR EQUATIONS
In order to solve the system of simultaneous linear equations (14),
the formulation of the matrix of coefficents ? is necessary. The system
of linear equations has the following form
PA+AR = a®)
Since ! and g are symmetric, the system of linear equations was

formulated to solve for the lower triangle of P arranged in a columnwise

manner as shown in (19), given on the next page.
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APPENDIX

THE COMPUTER PROGRAM

MRICKL is a package of subroutines for solving the Matrix Raccati

equaiton in the steady state using Kleinman technique.

Argupment List
SUBROUTINE MRICKL (A, B, Q, R, SL, P, PP, Z, AA, RINV, L, N, M, NU,
MU, INP, IPT, EPS, MAX, KR, H).
The arguments are as follows,
N Aﬁ integer to be set to the order of the system.
M An integer to be set to the number of inputs.
NU N(N+1)/2.

MU M(M+1)/2.

A An NxN matrix of the system.
B An NxM matrix of the system.
Q The symmetric matrix used fro weighting the states. It is to be

stored in a vector form of dimension NU and arranged columnwise in

upper triangular form as shown.

1 2 y T
YR { i

2°< 3 5 8 Storage of symmetric matrices
\\\ ‘ ‘

y 5 ~_6 9 in vector form.
\\ +
| 7 8 9 ~. 10
R The positive definite symmeﬁric matrix for weighting the inputs.

It is to be stored in a vector form of dimension MU and arranged

columnwise in upper triangle form.



SL

PP

AA

RINV

KR

MAX

EPS

INP

IPT

On return R contains the upper triangle factorization of R (R=UTU).
An MxN matrix which contains the feedback matrix at each iteration.
The solution of the matrix Riccati equation stored in éolumnwise
form having of dimension NU.

A vector of dimension NU in which the previous value of P is
stored.

A working area of dime;sion MxN.

A working area of dimension NxN, for storing A = A-B (SL’k.

A vector of dimension MU in which the upper triangle of the inverse
of ‘R is stored in a coiumnwise manner.

An integer column vector of dimension NU used as working space.

A matrix of dimension NUxNU in which the coefficients of the system
of linear equations are stored.-

An integer to be set to the maximum number of iterations allowed}

A real number to be set to the test quantity used for checking the
accuracy of inverting R and in solving the system of 1linear
equation. If this accuracy is not' satisfied a warning will be
given. Also, EPS is used for stopping the iteration lbop.

An integer‘to be set to 0 if input data are not to be printed.
Otherwise, set to 1.

An integer controlling printing of intermediate output. Printing
occur; every |IPT| iterations and also on exit except when IPT is
set to zero, in this case intermediate output is suppressed.

An integer to be set to zero if (SL)0 = 0, otherwise (SL)O must be

given.

All symmetric matrices are printed in lower triangular form. All



matrices printing format are arranged for a maximum number of columns
equal 10. If better printing is required for higher orders, format
modification is required.

The total memory required = (NZ/M)(NH)2 + 2N(2N+1) + M(3N+M+1).

- 10 -



EXAMPLES
Example 1
A system of ordér N=3 is given and it is required to find the

optimal' feedback matrix. It is necessary to calculate the feedback
métrix SL according to the final value of'?. Thus, the following two
cards were added.

CALL NEWSL(RINV, B, P, SL, N, M) , SL =R B P .

CALL MPRINT(SL, M, N) , | for printing.

The main program, input data and final solution are given. It is to

be noted that the A matrix has all eigenvalues with negative real parts.

-1 -
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DIMENSION A(3,3),B(3,2),Q(6),R(3),SL(2,3),P(6),PP(6),7Z(2,3),
AA(3,3),RINV(3) ,KR(6) ,H(6,6)

DATA A/-0.6,0.0,4.0,0.0,-4.06,-1.6,0.45,0.8,-9.8/
DATA B5/-0.45,0.0,0.0,06.0,0.0,4.0/

DATA €/1.0,0.0,1.0,0.06,0.0,1.0/

DATA R/1.0,0.0,1.06/

N=3

=2

NU=6

MU=3

L=6

MAX= 100

FI'8=1.L-8

IPT=1

1udP=1

CALL MRICKL(A,B,Q,R,SL,P,PP,Z,AA,RINY,L,N,M, NU, MU, INP, IPT, EPS,
MAX, KR, H)

CALL, NEWSL(RINV,B,P,Z,SL,N,M

YVRITE(G, 10)

CALL MPRINT(SL,M,N)

FORMAT( 77, 2%, %*0PTIMUM SL*,/,2H, f—————————— *®)
£T0R

‘END

- 12 -

MAY
MAT
AL
MAIX
MAT
MAT
MAX
MAX
MAT
MAY
MAT
"AY
T'AT
TAT
HAT
MAY
IS |
AT
AT
I'AR
VY]
MAT
MAX
MAL
HAY
Mmax

10
20
30
40
50
60
7O
89
20
166
110
120
10
1420
150
1Ge
1°¢0
18360
1C6
260
Sro
200
206
240
arG
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INPUT 0ATA

THE A MATRIX

1 2 3
1 -e6UGICE+D0 To 5QSGUﬁ€+U§
2 0, ~e QL YIEHCL GELIVIE+DT
3 s 400ICE+EL -41BLI0E+uLl -oBG0UUE+D]

THE B »ATRIX

1 2
1 “+ 45U CGE+CD T,
2 Ce Te
3 Co e40C0uc+yl

THE Q2 MATRIX

1 2 | 3
1 ¢ 100U GE+GL
2 0. ¢10030c+ i1
0, Ce W 100UCE+IL

THE R MATRIX

1 2
« 1C0CUE+CL
Co ' e1370324+ 41

INITIAL VALUS OF THE MAT=IX SL = ZEROD 4ATRIX



THE INVERSE OF K IS

0100630E+01

Lo

«10C00E+UL

P

PV DD VO OO VTR O OO VDD DCD DD WD DB DG D EE®

ITEReNO,

¢ 16961E+734d

T NI
oo o

e 15722E+ 01

NN
DedN
T
(XX
[} ]

e l7LH3E+ I

e172G05E+ 10

e 17211E+ 30

Led 3
L

£+ 0C

017211

¢17211c+ 133

- 14 -



FINAL SOLUTION OF THS MAT=IX RICCATI EQUATICN

B B BE DD DD DOV VOO OB DO® DD E@EME G D D WD E @ WD D S

1 2 3

1 =, 342K3E+01

2 058567601 o13168I+58

3 ~9233115400 =e18655E5=01 417211E+%9
OPTIMUM SL

1 , 2 3
1 e 15L10E401 =4263555=51 o 10490E+3 )

2 ~eJI24LIE40L =oTUR2LE=LL L HB8HUHE+D)

- 15 -



Examnlﬁ_a

Consider the system given by

. 0 0 1
[0 L]

The system is completely controllable, since the controllability
matrix is nonsingular.
1 0
U= [B  AB] = , det[U]l =140 .
0 1 -
But, A has the following eigenvalues
11=0,12=-2.
An initial value of SLO is given, for example, by

§L0 = [2 -11 .

Thus,
[0 0 1
Ay = A - B¥SL = - (2 -11,
- - - 1 -r2 0
-2 -1
= )
1 -/2
which has ﬂ = -(1+ 1//65.1 j/W2-(1/2), i.e., with negative real part.

The exact solution is

_ |2-/2 3-2/2| [0.585786 0.171573
P = ‘ =
~ | 3-2/2  6-4/2 0.171573  0.343146

- 16 -



DIMENSION A(2,2),B(2,1),(3),R(1),SL(1,2),P(3),PP(3),Z(1,2), MAI 1@

+ AA(2.2), RINV( 1) ,KR(3) , H(3,3) MAI 20
: C MAI 39
DATA A0.9,1.0,0.9,-1.414213562/ MAI 40
DATA B/1.0,0.0/ MAI 50
DATA ©/0.0,0.0,1.0/ MAI 60
DATA R/1.0/ : - MAI 70
DATA SL/2.0,-1.0/ MAT 80
' MAT 90
K= AT 100
M= i Mol 110
NU=2 Al 120
MU= 1 HAL 15
L=1 . ' o NAT 140
TAY= 100 ' MAT 150
EPS= 1, E~8 HAL 160
Pr= 1 MAT 170
INT=1 NI 189
CALL NRICKL(A,3,Q,R,SL,P,PP,Z,AA,RINV,L,N, M, NU, M, INP, IPT, EPS, BAT 190
+ HAX, KR, ID MAT 299
STOP HAT 210
END , MAT 220

- 17 -



INPUT DATA

THE A MATRIX

LY Ce
o 10CU0E+01 =e14142c+u1

THE B MATHRIX
1

«1000GCE+01
o

THE Q MATRIX
1 2

3
Go «10C0JE+UL

THE R MATRIX
1
1 o 100 00E+01
THE INITIAL VALUE OF THE SL MATFIX
1 2
1 <2000UE+01 -.183032+01
THE IWVERSE OF R IS

1
1 « 1000GE+01

- 18 -



I’EF\OﬁOO ) F.

¢ 93365E+00
«e13270E+00 61327400
2 eB17B7E+4LE o
¢ 141 03E+00 o37301c443
3 ¢ 58 6089E+Q0 )
e171255400 343518 +40¢
4 W 58570E+00 ' '
e 171575400 +343155460
5 «58579E+20 A
e 171575 4GC +343152¢30
6 "+« 58579E+0T
e 17157E4GC o 34315-+U(
F
%

&
FINAL SOLLTION OF THZ AHATRIX RICCATI ZQUATION

1 2
i o5857GE+CC
2 e17157E+8L0 24215400

-19 -



- Example 3
A system of order 9 was used as an example and the final result was

obtained in only seven iterations. The problem is shown in the following

listing._

- 20 -
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DIMENSION A(9,9),B(9,4),Q(45) ,R(10),SL(4,9),P(45) ,PP(45),4(4,9),
*AA(9,9) ,RINV(10) ,KR(45) ,H(45,43) )
DATA A/-4.855,-0.072,0.4&9,0.039,2.824,~0.187,—3.509,0.@5&,3.3?5,
2.592,-5.673,2.208,.671, 16.265,-7.8362,10. 644, 1,342, 8. 057,
-3, 444, 1.522,-0.285,-.609,-21.,147,3.956,-9.747,- 1. 017,
Eal £ LN B
-1.991,-0.418,-1.129,-3.233,-4,. 621, .514,-3. 880, 22, 4io,
: L O,
20,0, (.0, 6%0.0,
0.0, 1.0, V40,0,
1.0, 8:9.90,
S%6.0, 1.6, H¥0.0,
4%H.0, 1.0, 4%0,.6 /

I R E R

DPATA B/0%D.0, 1.0,
6:%.0, 1.6, 2%6.6,
Yiro.0, 1.6, 6.0,
5%0.0, 1.0, 3%6.8/
DATA R/1.,6.,1.,06.,0.,1.,06.,0.,0.,1./

4+

PATL ©/9609.,126.,892.,588. ,-88.,580.,24.,51.,94.,53.,-26.,1.,-86.,
*-17.,13.,-60.,~1¢.,~-85.,-14.,6.,4.,-183.,-22.,-124.,-40.,20.,12.,
7., -60.,-16.,-36.,-14.,6.,4.,12. ,4,,-90.,~-15.,-54.,-21.,9.,6.,
=18, .6.,9.7

=9
M=<h

Mi)=<lG
M= 0

¥

ﬂ_i.."'L

IND=1 :

CALL MRICTL(A,B,Q,R,5L,P,PP,Z,AA,RINV,L,N,M, KU, MU, INP, IPT, EPS,
+ MAX, KR, I

STOP '

KND

- 21 -
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PROGRAM LISTING

#
The Subroutine GELG , called for solving the system of linear

equations, is an SSP library subroutine.

Subroutine GELG, System/36b Scientific Subroutine Package, Version
III, IBM Programmer's Manual Number 360-CM-03x, p. 121.
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Q0

.SUBROUTINE MRICKL(A B,Q,R,SL,P,PP,Z, AA, RINV, L, N, M, NU, MU, INP, IPT MRI

*EPS, MAX, KR, H)

‘DIMENSION A(N,N),B(N,M,Q(KU),R(MD) ,SL(M,N) ,P(ND) ,PP(ND) ,Z(M,N),

*AA(N,N) , RINV(MU) , KR(NU) , H(NU, NU)

10

29

30

32

35

40

80
90

WRITING OF INPUT DATA
IFCINP.EQ.9) GO TO 10
WRITE(6, 250)

CALL MPRINT(A,N,M)
YRITEC(6,260)

CALL MPFRIITT(B,N,M
WRITI',( 6,270)

CALL SMPRINT(Q,N)
WHITI!‘.( 0,0000)

CAlLL SHPRINT(R,ID
IF(L.NE.0> GO TO 5
WRITE(G,290) ’

GO TO 10
WRITE(G,295)

CALL MPRINT(SL, I, N)

CALF, FACTOR(R, M, EPS, IER)
IFC1IER) £00,20,20

DO 20 I=1,MU
RINVC 1) =1 1)

CONTINUE

CALL, INVER(RINV,M,MU)
WRITE(S , 2285)

CALL SMPRINT(RINV,M)
IP=0

po o2 I=1,N

DO 42 J=1,N

TR= TR+ 1

JF= 1+ J8T-3) /2

KRCJP) = Th

CON'Y {NUL

DO @5 I=1,NU

KS=¥R( 1)

11=1+1

DO 35 J=I11,NU

IFCR D) L EQ. 1) KR(J)=KS
CONTINUL

JH=0

WELITEC6 , 240)

IF(I..NE.®) €O TO 50

DO 46 I=1,NU

PO =-00 D)

CONTINUE

CALL. SLUFORM(A, 1, N, NU, IN, KR)
GO TO 70

CALYL, MSIPSL(R,S8L,4,N, D
CALF, MIBSM(Z,P,M,N)

Do £ I=1,NU

PCD=-Q{ )~-P(I)

CON'TINUR

GALY, A!‘mfﬁ (A,B,SL,AA,N, M
GALL SLEFORMC AA, l[ N, NU, IN,KR)
CALL (‘l‘,',C"' P,H, NU, 1,EPS, ILR)
no Uh o 1:1,NU

K= 1)

101N 103) GO TO 75

Chr 1)

PO L =P RS

PLIGD =QF

CCH'VYNUR

| SR RN

IEroncin, 1P . Fe.0) CALL INTMPTCIN,P,N)
IV 120,90, 80

Wi o, 37.29)

P SR 1) GO TO 110
Gr:0.0
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Ain) :30()

“270

Rate)

R 200

SO0
{3- 10
Z0

2'3(/

(e

lels

uJ(y

360

[ 276

ry a9

£90

ny 208

DY

400

430

|»-‘\

LA ALY
BAEETS)
AT

A5
()
‘\:'-(.\0
gr...O
GO0
49
550

IRETTH |

LEPRY)
T80
050
GO0

"z 010

G20
[F38Y 4]
GO

- 600

=x GO

1670

i)

690

I 200

10

b owian
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N

I

PO 100 I=1,RU
E=ADS(PCD)-PPCI))
IF(E.CT.CE) GE=E
100 CONTINUE
GTOPPITSG CRITERION
IF(CE.LE.TPS) GO TO 220
CIECTT FOR MAXIMUM ALLAWABLE NUMDER OF ITERATIONS
119 IFCTHL.GE.MASD €9 TO 236
Cr1LY, HEWAL(RINY,B,P,Z,8L, N, ID
B ]”20 I=1,NU0
PRy =pag)
129 CON TN
GO Y T
HTD O ITEEATION LOOY

DCO WLETT 6,06
CrLr R

SO OVDSIINGE. O IO
cALE EXLT

220 VUTFECC,C00)

AP ”‘H'(P N

LG, )
LnTPRENTCY, I

WOT AT T O, e PTRRLNOL %, 20X, #P%, 7, 2K, 40 (k%) )

POV, L T HRLT DATTAR, 3K, RO(*-—") W77 B RTHE A MATIII, /)

Feanae /e, ll" I3 MATR I“C‘i\ /) [RER R
) ' (" MARI I, ) Pen et
RN MA D"T(.L,/) TR

o ,2.'-'1'.3"":". Nvf.?li"", OF B I,/ freeroe

I AN 1'\’!" SRR TTUTIAY, VALUK OF P MATRIY 8L = ZERO AR, /) [rrrare e

ERARTY

IH "
\I‘\ril

¥ "l‘"' VI, e T AT YALYTE GF TR O MATRIRER, 7) R L 45
; ’ JH 3 TOT TOSUTEVE DEFERITSR) BRI R
A3 S D SUL TN ‘J‘?' l”“..‘ THY, SVSTEE OF LINWAR EOUAT i t

RLOGV WICNT . LOAN | X a(yl.VlLl(; THE Sy06EIT OF L7 idi ) (4
T

425 IAL, GOLUCION OF TIE FATRIM RICCATI POUATICNN, /7, i LI

u( 2 joroen

Ti L LA S TIAXT TN IER OF ITERATIONS FAS DULN AoV, 7, I9  rot.
TR "]A.LUE O B LR M
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SUBROUTINE SLEFORM(A H,N,NU, IN,KR) SLE 10

SLE 20

THIS SUBROUTINE FORMULATES THE COEFFICIENT MATRIX H SLE 30

OF THE SYSTEM OF LINEAR EQUATIONS H¥P=-Q@-SLTXR#SL SLE 40

: SLE 50

DIMENSION A(N,W),H(NU,NU) ,KR(NU) SLE 60

' LE 70

INITIALIZATION OF H SLE 89
DO 10 I=1,NU ’ SLF
DO 10 J=1,NU : SLP
H(I,J)=0.6 SILY,
10 CONTINUE , SL1

T
IS N

"ORMULATION OF THE MATRIX OF TUE SYSTEM OF SIMULTANEUS
LiNEAQN EQUATIONS
15 IF=1

DO O I=1,N

I3= 16~

Do 29 1=I,N

DO 20 J=I,N

= 1+1I8

JI=J+10 BON-RELE
C=A(J, 1) 1w oto
IFCI.EQ.P) C=C+A(K,K) L 240
I().EQ.K,AND. I.NE.J) C=C+C SLLE “'"w()
H{ XML, JID=C ' 8L 2060
- 20 CONTINUE SLE 270
1¥= 110+ 1 SLE Ll
IF (K.EQ.N) GO TO 50 ' LY 290
IC=I3+K+1 Sl ee
IR=TH SLE 316
Do 46 J=1C,IH SLF 229
JL=J-18 SLE 809
I=11+1 ‘ SLE ©40
C=ACY, JL) SLE 250
HIR,J)=0+C SLE (066
nJ, FID :ACJL, K) €Ly 370
¥ (JL EQ.N) GO TO 40 gL 280
IT=4d SLI 800
Ji=JL+1 SLE 400
DO €06 f.=J1,N SLE <10
IR=1R+1 I 409
IT=1T+1 L 430
HOIR, D =AK, L) SLE 440
H{J, IR =ACL,K) (2R “’;5‘«)

HU IR, I'D) =ACK, JL)
O HIT, IR =AJL,K)
30 CONTINUE
40 CONTINUE
GO CONVINUR
L0 0 1=1,NU
KI=TRCD
17C1.EQ.LE) GO TO 80
NG ¢O J=1,NU
C:MCT,.D
W1, D =TEKS, J)
BCF 1,0y =0
70 CoOlTITNUL
L& CONTNUE
Y UL
EHD
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SUBROUTIRE INVER(R, M, MU)

DIMENSION R(1)
DOUBLE PRECISION DIN, WOBK
INVERT UPPER TRIANGULAR MATRIX

IPIV=1U
IND=HU

INITIALIZE INVERSION LOOP
PO 5 I=1,M

DIM=1,DO/BBLE(RCIPIV))

RCIPIV)=DIN
MIN=H

FEND=I-1
LANF=M~-KEND
IF(FEND) 4,4,1

J=1IND

INITIALIZE ROW-LOOP

DO O K=1,KEND
VORK=0. DO
MI=MIN-1
LIon= 1P IV
LVER=J

START INNER LOOP

DO 2 L=LANF,MIN

LVER= LVER+1

LIOR= LUOR+L

WORK:= WORK+DBLE( R( LVER) *R( LHOR) )
END OF INNER LOOP

R(J) =-VORIG¥D I

J=J-MIN
END OF ROW LOOP

IPIV= IPIV-MIN
D= IND-1

END OF INVERSION LOOP

CALCULATE INVERSE R BY MEANS OF INVERSE T
INVERSE R= INVERSE T*TRANSPOSE( INVERSE T)

INITIALIZE MULTIPLICATION LCOP
BO V I=1,il
IPHY= TR AV+H]
J=IPLY

TMITIALIZE ROW LOOP -

DD 7 K=V,M
WORS=0 . D6
LUoR=J

START INNER LOOP
DO ¢ 1=K, M
LVER= LHORHI
WOk WORK-DBLECRCLIOR) ¥*RCLVER) )
LHO:=LIVR+L

END 0 INNER LOOP

RCJY = WO
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7 J=J+K
END OF ROW AND DMULTIPLICATION LOGP

& RETURN
END

T8 SUBROUTINE CALCUT.ATES THE VECTOR SUBSCRIPT IR Tif ELEMENT !

I,J 0F A GYMMETRIC MATRIX C(Hu0

I I=-J) 10, 19,20
(@R EXN I § Wi

SUPROUTINE AMBSL(A,B,SL,AA, T, M)

T SUBROUTINE CALCULATES MAA=A-BXEL
DIHLHSION ACN, 0, BN, ID , LM, D, AACN, N)

ny oo =i, N

! (O d=1,01

Y

» I=1,01

SR, K) SBLOK, J)

20

SPRSLOR, $L, 7, N, M)

THIS SHBROUTITRE CALCULATES 7= RU OF FACTORIZED R) sl
DIUANGTON ROD ,SLOTL, N LA TD

Py 20 =1 M

DO J=g, N

CUlEGLO

B 1Y W=, M

ALY LOOATECLLIL YK, ™MD

ISR RO LK, J)
10 GO EN

e, E) =R
o0 D rENU

ST

i

740
TEG
4
7T
v
e

HEA ORI
Len
LIS TN
ARSI
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[
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ATT 1O
AR 00
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C
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C
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9]

10
29

10
20

30
46

16
20
30

SUBROUTINE MTBSM(Z,P,M,N)

" THIS SUBROUTINE CALCULATES. P=7ZT%Z , Z=RU*SL
DIMENSION . Z(M,N),P(1)

R=0

DO 20 J=1,N
Do 20 1=1,J
IR=IR+1
SUH=0.0

po 10 K=1,M
SUN= UM Z(K, D XZ(K, )
CONTINUE

P IR =8UM
COIITINUE

A3 TURN

END

THIS SUBROUTINE CALCULATES SL=RINVXBT*P
DIMENSION RINV(1),B(N,M ,P(1),SL(IM,), Z(M,N)

Do 20 I=1,M

ro2e J=1,0

SUN=0.0

po 10 K=1,N

CALYL LOCATE(K,J,KJ,N)
SUM=SUM-B(K, 1) *P(KJ)
CONTINUE

71, Jy=05UM

CCNTINUE

o249 1=1,M

pO 46 J=1,N

0U11-0.0

Do 80 K=1,M

CAVY. LOCATE(I,K, IK, M)
SUM= SUM+RINV IK) *Z(K, J)
CONTINUE

GLCY,5)=8UM

CONYINUE

RETURN

KD

SUBROUTINE MPRINT(A,N, M)

THIS SUBROUTINE PRINTS AN NXM MATRIX
DIMENSTON ACI,ID ‘

WRITE 6,80 (1,1=1,M

DO 10 I=1.N

WRITK(G6,26) I,(ACT,J),J=1,1D
COrTINUG

FORMATC/, 2%, 12, 4%, 10(E11.5, 1X))

VORMATC /7, 104, 16( 12, 10X))
RISTURN
END
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STEADY STATE SOLUTION OF THE MATRIX RICCATI EQUATION

H.L. Abdel-Malek
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Abstract: A brief>review of methods proposed for solving the matrix

Riccati equation is given. A FORTRAN 1listing of a computer program
based on Kleinman iterative technique is included. It is shown how to
formulate the system of simultaneous linear equations to be solved in
the Kleinman method. Some illustrative examples are also given.

Description: Contains Fortran listing, user's manual.
The listing contains 474 statements of which 137 are
comment cards.
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