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Abstract

MMUM is a package of subroutines for solvihg unconstrained minimax
optimization problems. It is an extension and modification éf‘ the
MINISW package due to Madsen. First derivatives‘of all functions with
respect to all variabies are assumed to be known. The solution.is found
by an iteration that uses either linear programming applied 1in
connection with first-order derivatives or a quasi-Newton method appliéd
in connection with first-order and approximate second-order derivatives.
The method has been described by Hald and Madsen. The package and
documentation are developed for the CDC 170/730 system with the NOS 1.4

operating system and the Fortran 4.8508 compiler.
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used [4], and at each point the nonlinear residual functions are
approximated by linear functions using the first derivative information.
However, if a smooth valley through the so;ution is detected, a switch
to Stage 2 is made and the quasi-Newton iteration is used. If it turns
out that the Stage 2 iteration is unsuccessful (for instance, if the set
- of active functions has beeh wrongly choosen) then a switch is made back
to Stage 1. The algorithm may switch several times between Stagé 1 and
‘Stage 2 but normally only a few switches will take place and the
iteration will terminate either in Stage 1 with quadratic rate of

convergence or in Stage 2 with superlinear rate of convergence [31.

Stage 1
The Stage 1 algorithm is described in detail in [4]. At the kth
iteration the change gk of the approximation 5k-1 is determined as the
solution of the linear minimax problem
~ k-1 k = ,. k=1 --'T k-1, .k
Minimize F(x™ ', h') = max [f;(x" ) + £; (x* ) h|
k 1<i<m
R — —
subject to constraint
i < &K
~ = "x
where ét is equal to 0.55§_1, 5§-1 or 265-1 according to an

unsuccessful, not unsuccessful or successful (kf1)th iteration. The jth
iteration is unsuccessful if

F(x3™1) - F(3™! + Yy <ouzs (Rt - BT, ndn)
it is successful if

FOd™) - F37 s mh) > 0ors rdh - T, ndn
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and is not unsuccessful otherwise. In eéch iteration of Stage 1; the
step siie is‘ thus updated according to the goodness of the linear
approximation. If the change of the objective function 'F slightly
differs from the dhange predicted by linear approximation; the step size
is.increased; if it differs significantly, the step’éize is decreased.
The initial step size 5: is defined by the user (argument DX). If the

koo gk=T,pk k_ k-1

objective function F decreases, then x = +h*, otherwise X=X .

~

There is no line search.

Switch to Stage 2

For the kth Stage 1 iteration the set Ak of active residual

functions is defined as

k k-1

Ao g1 Fx k=1

T '
' - ~ -
, hk) _ (fi(x ( k-1 k k-1 k

) + gi X 222 X

where § is a small positive number (normally § = 0.01 is an approbriate
value). A switch to Stage 2 is made if the following conditions are
simultaneously satisfied:
(1) The sets of active functions for the last t Stage 1 iterations are
identical .
Ak-t+1 - Ak-t+2 = .= Ak
(normally t=3 is an appropriate value; t cannot be less than 2).

(2) There exist nonnegative multipliers A? 20, jEAk. such that

Z AK =1
k I
jeA

and, for‘k‘> 2,

k-1 k Ak

~ !

) Ak).g 0.999 r'(gk'2 +h ', A
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where the residual r(x, A

~P

A) is defined as

r(x, A, A) = max ( max j f3 (x)1, max (F(x) - f (x)))
1<i<n JEA jeA
and
o 2 ./3x;, if £5 20,
ii = -3fj/8xi, otherwise.

Stage 2
At the kth Stage 2 iteration, an approximate Newton method is
applied to the following system of equations

k
z ?
kAJ le (x7)
JjeA

o, 1 =21, eeey n

1
Y

7oAk
k 9
jeA

= k = ,.k k . k .
fjo(z ) - fj(g ) = 0, jeA”, joeh™, JEjg.

where the unknowns are [5k. Ak]. The iteration is approximate because

"
instead of Tj(gk) the approximated second-order derivatives are used.

Switch to Stage 1

At each kth Stage 2 iteration, the following conditions are
checked:
(1) whether the set of active residual functions is preserved

AL

(2) whether all multipliers A§ are nonnegative

>0, jea¥ ,
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(3) whether residuals r(x,),A) are decreasing

1w, K 4% ¢ 0,999 r(K2 4 b

~

r(
k k k-1
(4) whether the step length h = X = X is not greater than the
value 62 (defined by the user)

k 0
1hn < 8.

The Stage 2 iteration is continued when all the conditions are

satisfied, otherwise the algorithm returns to Stage 1.

fermination
The iterative procedure terminates when any one of the following
conditions is satisfied:
(1) the number of residual function evaluations exceeds the 1limit
defined by the user (afgument MAXF),
(2) the consecutive change Qk of the approximation 5k of the solution
is sufficiently small
ugkn Le ngka;
where € is defined by the user (argument EPS),
(3) the consecutive change gk reaches the machine accuracy
ugku Leg ugk'u. |

where €0 is the smallest positive number such that

1 + eo > 1,
(4) the consecutive change gk is insignificantly small
k1 ¢ 107°

~

(when the solution x* is equal to 0, the conditions (2) and (3) may

be insufficient to terminate the iteration),
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(5) the consecutive solution found by %the package does not decrease the

value of the objective function F.

Moreover, the user can terminate the iterative procedure and cause the
return from the package by setting one of parameters during evaluation

of residual functions (see argument FDF).
III. STRUCTURE OF THE PACKAGE

There are 3 different entries to the package and 3 corrésponding
"main" (or interfacing) subroutines:

1. subroutine MMUM1A - standard entry which provides uniform printing
of input parameters as well as intermediate and final results,

2. subroutine MMUM2A - basic entry which does not pbovide any form of
printed output (it is the user'$ respoﬁsibility to organize
printing of data and results in this case),

3. subroutine MINISW - original entry, as defihed by Madsen [i]; this
entry is preserved to ensure the compatibility with the previous
version of the package.

Block diagrams of the package, corresponding to entries 1, 2 and 3
are shown in Fig. 1, 2 and 3, respectively. It can bevobserved that the
PRINTOUT package of subroutines is used only when entry 1 (subroutine
MMUM1A) is called, and that the subroutine MMX00Q (Fig. 1), which is
responsible for printing the values of functions and their first
derivatives, is replaced by dummy subroutine MMX00Z (Fig. 2,3) when |
entry 2 or 3 is used. |

The common part of the package is composed of subroutines MMUN5SW,



Fig. 1

Structure of the MMUM package corresponding to the standard

entry (subroutine MMUM1A).

, PRINTOUT:
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MATIN
!
MMUM2 G
|
MMUMS5 W
!
MMUNS W
l " .
MMSUBB MALIY MALIBW
MULT
GRUSS
| QUAD?
|
FPOS MMX00Z
|
- FDF

entry (subroutine MMUM2A).

.Fig. 2 Structure of the MMUM package corresponding to the basic
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MAIN
|
MINISW
|
MMUNS W
|
MMSUBB | MALOW MA19BW
MULT
GAUSS
QUAD2
|
FPOS MMX00Z
|
FDF

Fig. 3 Structure of the MMUM package corresponding to the

original entry (subroutine MINIS5W).
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MMSUBB, MA19W, MA19BW, MULT, QUAD2, GAUSS and FPOS. MMUNSW subdivides
the workspace (defined by the user) into a set of vectors and matrices
used by the remaining subroutines. MMSUBB gontrols the minimax
optimization, calls FPCS (and FDF) for evaluation of functions and their
first derivatives, checks the conditions for switching from Stage 1 to
Stage 2 and from Stage 2 to Stage 1, updates approximation of the
Hessian matrix, and tests accuracy of the iterations.~ Stage 1
iterations are solved by MA19BW, and MA19W only sihplifies the calling‘
sequence of MA19BW. QUAD2 is called to solve Stage 2 iterations; MULT
determines the multipliers during the Stage 1 iterations, and GAUSS is
used to solve systems of linear equations,

The main segment MAIN and the subroutine FDF for evaluation of
iresidual functions and their first-order derivatives must be supplied by
the user.

When the standard entry (Fig. 1) is used, the subroutine MMUM1A and
the set of subroutines PRINTOUT provide printed output. containing
principal input parameters of the minimax problem to be'solved, and the
solution obtained by the package. Moreover, the subroutine MMX00Q
outputs the values of residual functions and their derivatives according
to the argument IPR in the call of MMUMI1A.

For the standard entry (Fig. 1) and the basic entry (Fig. 2) the
subroutine MMUMSW checks the formal correctness of input parameters and

sets the output parameters to the values corresponding to the solution

found by the package.
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IV. LIST OF ARGUMENTS ‘

Standard entry (subroutine MMUM14)

The subroutine call is

CALL MMUM1A (FDF,N,M,X,DX,EPS,MAXF ,KEQS,W,IW,ICH,IPR,IFALL)

The arguments are as follows.

FDF

is the name of a subroutine supplied by the user. It must:have
the fbrm _ | |
SUBROUTINE FDF(N,M,X,DF,F)
DIMENSION X(N),DF(M,N),F(M) |

and it must calculate the values of the residual funcﬁions fi(;)

and their derivatives afi(g)/axj.at the point x corresponding to

X(1),X(2)y...,X(N), and store the values in the following way:

F(I) = fI(z), I=1,...,M,
DF(I,J) = af1<5)/axJ, I=1,...,M, J=1,...,N.

Note: The name FDF can be arbitrary (user's choice)vand must
appear in the EXTERNAL statement in the segment calling
MMUM1A. | '

The user can terminate the iterative procedure and force the

return from the package by settingxto zero (in the subroutine

FDF) the variable MARK in the common area MMUOOO
COMMON /MMUOOO/ MARK | |

(on entry to the package MARK is set to 1).

is an INTEGER argument which must be set to n, the number of

optimization parameters. Its value must be positive and it is
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- EPS

- 14 -

not changed by the package.

is an INTEGER argument which must be set to m, the number of
residual functions defining the minimax objective function. Its
value ﬁust be positive and it is not changed by thé package.

is a REAL array of the length at least N which on entry must be
set to the initial approximation of the solution, X(I)=xg.
I=1,...,N. On exit X contains the best sclution found by the
package.

is a REAL variable which controls the step length of the itera-
tive algorithm. On entry it must be set to such an initial
value that in the region {x | “5_50“ < DX} the residual func-
tions fi(g) can be approximated reasonably 'wgll by 1linear
functions. If the residual functions are nearly 1linear, DX
should be set to an approximate value of the distance between
the initial approximation 50 and the solution, but if more
curvature is present this value may ‘be too large. Normally
DX=0.1*H50H is. an appropriate value, but an improper choice of
DX is usually not critical, since the value of DX is adjusted by
the package during the iteration. The value of DX must be pos-
itive. On exit DX contains the last value of the step size Gi.
is a REAL variable which on entry must be set to the required
accuracy of the solution. The iteration terminates when ugkﬂ <
EPs*u;ku, where hk is the correction to the kth approximation‘;k
of the solution. If EPS is chosen too small; the iteration
terminates when no better estimation of the solution can be

obtained because of rounding errors, and then EPS will be set to

.o.
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is an INTEGER variable which must be set to an upper bound on
the number of calls of FDF (i.e., the maximum number of residual
functions evaluations). On exit MAXF contains the number of
calls of FDF that have been performed by the package.

is an INTEGER variable which must be set to the number of

" successive iterations with identical 'sets' of active residual

functions that is required before a’switch‘to Stage 2 is made.
Normally, KEQS=3 is an appropriate value. If KEQS > MAXF, the‘_‘
Stage 2 is never used. On exit KEQS éontaiﬁs the number of
switches to Stage 2 that have taken place. |
is a REAL array which is used for working space. Its length is
given by IW. On exit the first M elements of W cohtain the
residual function values at the solution, i.e., W(I):fI(g).
I=1,...,M. |
is an INTEGER argumenf which must be set to the lgngth-of W.
Its value.must be at least ‘ ‘ | |

IWR = 13+16*N+4*M+2*M*N+2*N*N+max(M.3*N*N+6'N+5);
The values of IWR for a set of initial valués of arguments M and
N are given in Table 1.
is an INTEGER argument which must be set to the unit number (or
channel number) that is to be used for the printed output
generated by the package. Usually it is the uniﬁ number of the
file OUTPUT. If ICH is less than or equal to zero, no printed
output will be generated by the package. The value of ICH is

not changed by the package.
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is an INTEGER argument which controls the printed output

' generated by the package. It must be set by the user and is not

changed by the package. The absolute value of IPR, as a decimal
number, is "logically" composed of 4 fields
|IPR} = pgrs

where q.lr and s are the least significant one-digit fields, and
p is thé remaining part of the number. If g is not equal to
zero (i.e., q=1, ..., 9) then the first q evaluations of
residual functions (i.e., the first g calls of FDF) are repofted
in the printed output. Further, if p is not equal to zero then
every pth evaluation of residual functions is reporte@ in the
printed output. Consequently, if p=1, the value of gq is
insignificant because all function evaluations will be reported
by' the package. The fields p and q control the printing of
residual function values only. Printing of bartial derivatives
is controlled by -the fields r and s.- If s is not equal t§ zero
(and is not greater than q) then the values of partial
derivatives calculated in the first s calls of FDF are reported
in the printed output. If r is not equal to zero (and p is
greater than zero) then every (p¥r)th evaluation éf partial
derivatives is reported as well. Moreover, if q is equal to
zero and b is not equal to 1 (i.e., when the first call of FDF
is not reported by the package), then the "starting point"
values of optimization variables 50 and corresponding residual
funétion values g(;o) are printed; if, at the same time, s is
greater than zero, the values of partial derivativés are

included in the "starting point" information. It should be
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noted that the values of partial derivatives can ogly be printed
for those evaluations for which printing of residual function
values is indicated. |
Note: The function evaluations reported by the package are
indexed by two numbers in the form i/j where
i is the consecutive number of function evaluation,
J indicates the stage of the iterative algorithm
preceding the evaluation:
0 -~ initial function evaluation,:
i - Stage 1 iteration,
2 - Stage 2 iteration, -
3 - ﬁnsuccessful Stagé 2 itération followed by
Stage 1 iteration. |
If the value of IPR is negative, the partial derivatives
calculated by FDF are verified numerically by comparing values
supplied by FDF with the differences of residual function Qalues
in the small environment of the startingApoint. All partial
derivatives which differ from the»numericglly approximated ones
by more than 1% (Qith respect to the numerical approximation)
are reported in the printed output.
is an INTEGER variable which on exiﬁ contaiﬁs information about

the solution:

IFALL = -1 incorrect input data,

IFALL = 0 required accuracy obtained,

IFALL = 1 machine accuracy reached,

IFALL = 2 maximum number of function evaluations reached,
IFALL = 3 iteration terminated by the user.
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Basic entry (subroutine MMUM2A)

The subroutine call is
CALL MMUM2A (FDF,N,M,X,DX,EPS,MAXF,KEQS,W,IW,IFALL)

All arguments are the same as for the standard entry. It should be
noted, however, that 2 arguments of the standard entry do not exist in
this case (arguments ICH and IPR), since no printed output is generated

for the basic entry to the package.

Original entry (subroutine MINISW)

The subroutine call is
CALLAMINISW (FDF.N,M,X,DX,EPS,MAXF,W,IW)

The arguments are generally the same as for the foregoing standard entry
but some of them (MAXF,W) are used in a slightly different way. The

detailed description is given in [1].
V. AUXILIARY SUBROUTINES

The package contains several auxiliary subroutines which can be
used to change orvt§ set the values of additional parameters controlling
the form of the printed output generated by the package. All these
subroﬁtinés.(if used) should be called before the standard entry to ﬁhe

package.
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Subroutine MMXHDR

Subroutine MMXHDR defines the title line which is printed within
the page header. The title must be a string of up to 80 charaqtérs
which is stored in consecutive elements of a REAL array, 10 charactefs
in one element.

The subroutine call is

CALL MMXHDR(L,T)
where L is the number of array elements required for'the title, and T is
the name of an array or the first element storingbthe title. . If L is

equal to zero, no title line is printed by the package.

Subroutine MMXPSZ

Subroutine MMXPSZ defines the "page size", that is the maximum
number of lines printed on a page. The preset value is 65.
The subroutine call is
CALL MMXPSZ(L)
where L is the defined page size. If the value of L is .equal to zero,

the printed oﬁtput is generated without page control.

Subroutine MMXPLM

Subroutine MMXPLM defines the limit of printed pages. The preset
value of this limit is 10, and it cannot be changed to more than 50.
The subroutine call is
CALL MMXPLM (L)
where L is the defined limit of pages.
. When the 1limit of pages is reached the further output generated by

the package is suppressed except of the results of optimization.
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Subroutine MMXLLM

Subroutine MMXLLM defines the limit of printed lines. vThe preset
value of this limit is 750.
Thé subroutine call is
CALL MMXLLM(L)
where.L is the defined 1limit of lines.
‘When the 1limit of printed lines is reached the further output
generated by the package 1is suppressed except of ‘the results df

optimization.

Subroutine MMXGLM

Subroutine MMXGLM defines the bounds on the‘ﬁUMber‘df variables and
the number of residual functions when the matrix of partial derivatives
is printed by the package (for some problems this matrix_can Se quite
large and it can be reasonable to print the initial part of it only).
The preset.bound on the number of variables is 10, and on the number of
functions is 25.

The subroutine call is

CALL MMXGLM(K,L)
where K is the defined bound on the number of variables, and L is the

defined bound on the number of residual functions.

Subroutine MMXGVL

Subroutine MMXGVL defines, for the matrix of partial derivatives,
the number of columns printed in one line. The preset value is 10, and
it corresponds to 120 character 1lines. If the standard fofm of

generated output is to be preserved this number should be defined as 6.
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The subroutine call is
CALL MMXGVL (K)

where K is the defined number of columns per line.
VI. GENERAL INFORMATION

Use of COMMON: COMMON/MMXOOO/ (for standard entry only),
COMMCN/MMUOOO/ (see argument FDF).

Workspace: Provided by the user; see argumenﬁs W and IW.

Input/output: Output (for standard entry only) as defined by the
user; see argument ICH.

Subroutines: MMUNSW, MMSUBB, MA19W, MA19BW, MULT, QUAD2, GAUSS,
FPOS and:
a) for standard entry: MMUM1A, MMUMSW, MMX00Q,
MMXoov, MMX00G, MMXOOH, MMX00A, MMXPSZ, MMXPLM,
MMXLLM, MMXHDR, MMXGLM, MMXGVL:
b) for basic entry: MMUM2A, MMUMSW, MMX00Z:
¢) for original entry: MINISW, MMX00Z.

Restrictions: N>0, M>0, DX>0, EPS>0, MAXF>0, KEQS>0, IW>IWR.

Date: March 1982,

VII. EXAMPLES

Example 1 [1, Example 1]
Minimize

where
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f1(5) = x? + 2x§ + XqXo

f,(%) = sin (x,) + cos (x,).

The starting point is

W
]

.To show the influence of the parameters DX and KEQS. the
optimization has been performed several times for different values of DX‘
and KEQS. The resulting numbers of residual ‘function evaluations
required to achieve the accuracy EPS = 10_6, as well as the numbers of
'Shifts to Stage 2 are summarized in the following table (thevnumbers of

shifts are given in parentheses):

KEQS
DX 2 3 d
0.25 22(4) 23(3) 23(3)
0.5 20(4) 20(3) 20(2)
1.0 18(3) 19(3) 19(2)
2.0 20(3) 21(2) 21(2)

It can be observed that the increasing values of KEQS correspond,
generally, to smaller ﬁumbers of shifts to Stégé 2 (some too early
shifts are eliminated), and to slightly increased numbers of residqal
func;ion evaluations (see also Example 2). Moreover, too small and too
large values of DX require more residual function evaluations because of

adjustments which are performed by the package.
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PROGRAM TRMMU1(OUTPUT, TAPE6=0UTPUTY Ea 3

K.MADSEN EXAMPLE

DIMENSION X(2),W(98),T(3)

EXTERNAL FUN

DATA T/10HTRMMU1l : K, 10H.MADSEN EX, 10HAMPLE . 7/
CALL MMXHDR(3,T)

N=2

M=2

X(1)=8.

X(2)=1.

DX=1.0

EPS=1.E-6

MAXF=30

KEQ@S=2

IwW=98

IPR=-10 :

CALL MMUMI1A(FUN,N,M;X,DX,EPS, MAXF,KEQS, W, IW,6, IPR, IFALL)
sSTOP :

END

SUBROUTINE FUN(N, M, X, DF, F)
DIMENSION X(N) ,DF(M,N),F(M
X1=X(1)

X2=X(2)

F( 1) =X1%xX1+X2%k( X1+X2+X2) *
F(2)=SIN(X1)+COS(X2) : '
DF(1, 1) =X1+X1+X2
DF(1,2)=4.0%X2+X1

DF(2, 1)=COS(X1)
DF(2,2)=-SIN(X2)

RETURN

END

000001
0060002
060003
000004
000005
000006
0000607
0006008
000009
000016
060011
000012
000013
000014
000015
6060016
000017
000018
0006019
000020
000021
000022
066023
000024
000025
000026
000027
060028
000022
000030
000031
000032
000033
000034
00060635
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DATE : 82/04/29:; ‘ : TIME. : 12.24.51; e . PAGE : 1
UNCONSTRAINED MINIMAX OPTIMIZATION ¢MMUM:PACKAGE) ¢ a0 (V:82.03)

TRMMUI : K.MADSEN EXAMPLE!.

INPUT DATA:

NUMBER OF VARIABLES (F) i o v v o o v o o o oo o o o o o o s o o o 0 oo 2
NUMBER OF FUNCTIONS (M. o v v o o o o o o o o o o o o o o o o o o o o+ 2
STEP LENGTH (DX)  « + «'v o = + + o oo o o v o e e e e e v v v . . 1.000E+00
ACCURACY (EPSY  « + v viv v v e e e e e e e e e e e e e . . 1.000E-06
MAX NUMBER OF FUNCTION EVALUATIONS: (MAXF) .f. o & o o « o o o o o o o o o 30
NUMBER OF SUCCESSIVE ITERATIONS (KEQS). + +7v o o o o o o o o o oo o o o 2.
WORKING SPACESCIW). s « o v v o o o o o o o o o o o o o oo o o o o oo . 98
PRINTOUT CONTROL CTIPR) &+ « o« o o o o o o o o os e oo s oo e e v —10
STARTING POINT :

VARIABLES . /- FUNCTION VALUES
1 3.000000000000E+00 . . - 1. 1.400000000000E+01
2 1.000000000000E+00 i 2 6.814223139280E-01

VERIFICATION OF /PARTIAL DERIVATIVES!PERFORMED.

SOLUTION
VARIABLES R FUNCTION VALUES
1 -6.423372301388E-01 ﬁ‘: 1 8.728580267894E-01
2 2.375113868568E-01 L 2. 38.728580267894E-01

TYPE OF SOLUTION (IFALL) . . « 2ie o o o o o o o o o o o o o s o s o« s s @
" NUMBER OF FUNCTION EVALUATIONS .U. « o v o o o v o o ovi e v oo u e o o 18,
NUMBER OF SHIFTS TO STAGE~2 & . .ii v o o « o o o o « o o o o « o o o o« 8
EXECUTION TIME C(IN SECONDS) . + .iv 2 « o o o o o o o « o o o o o« o o « .076.
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Example 2 [3, Example 1]

Minimize
F(x) = max (If,(x)1, 1£,(x)1),
where
£,(0) = 10(x,-%2)
1087 = 1URXa=Xq /s
The starting point is
- 1.2
50 = .
1.0
The solution is
1.0
x* =
1.0

with F(x*) = 0. The function F(X) has a "banana-shaped" valley like the
Rosenbrock function

£(x) = 100(x, - x° + (1 - x? .

In fact, it is derived from the Rosenbrock function in the following

way. It is well known (and easy to check) that the minimum value of

f(g) is equal to 0, and the minimization of f(g) is thus equivalent to

£

solving the nonlinear equation

f(x) =0 .

2,2
1)

and (1 - x1)2. At the solution both these terms have to be equal to

However, f(X) is equal to the sum of 2 nonnegative terms, 100(x2 - X

zero, and therefore the minimization of f(x) is equivalent to minimiz-

ation of
max (100(x —x2)2. (1=x )2)
2 1 1
or the minimization of

F(x) = max(110(xy=x5) 1, 11-x,1) = max(1£, ()1, 1£,(0 D).
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The numbers of residual function evaluations and the numbers of
shifts to Stage 2 corresponding to several values of the parameters KEQS

and DX are given in the following table:

KEQS

DX 2 3 y 5 6
0.2 1T 20(0)  17(2)  20(0)  20(0)
0.4 22(5)  22(3) 22(2) 22(2) =22(1)
0.6 17(5)  27(4)  27(2)  27(1)  27(1)
0.8 178 15(3) 27 27(25, 27(2)
1.0 1W(3)  14(2)  1H() 18(1)  148(1)
1.2 12(2) 12010 12010 1201) 12(0)
La | 28y 23) 28y 26(2)  26(1)
1.6 46(14)  2W(5)  16(2)  37(6)  33(3)

The numbers differ significantly more than those in Example 1,
which is due to more nonlinearity; the selection of "goodﬁ ?arameters is
thus more difficult in this case. It should be hoted that the table
contains many better resultsb than reported in [3]. M;reover. the
example shows thatksometimes a very small change of the value of DX can

significantly influence the required number of'function évaluations.
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PROGRAM TRMMU2(OUTPUT, TAPES=0UTPUT): G )

C .
C HALD-MADSEN EXAMPLE 1

Cc

Qo

10

DIMENSION X(2),T(3),W(98)
EXTERNAL FDF

DATA T/10HTRMMU2 : H, 10HALD-MADSEN, 10H EXAMPLE 1/:
CALL MMXHDR(3,T) .
N=2

M=2

DXX=0.6

Do 10 1=1,2

X(1)=~1.2

X(2)=1.0

DX=DXX

EPS=1.E-6

MAXF=50

KEQS=2

IwW=98

ICH=5

IPR=-10

CALL MMUM1A(FDF,N,M|X, DX, EPS, MAXF, KEQS, W, IW, ICH, IPR, IFALL) .

DXX=DXX-1.E-10 .
CONTINUE

STOP

END

SUBROUTINE FDF(N,M,X,DF,F)
DIMENSION X(N),DF(M,N),F(M
X1=X(1)

X2=X(2) .
F(1)=10.0%(X2-X1%X1) '
F(2)=1.0-X1

DF(1, 1)=-20.0%X1
DF(1,2)=10.90

DF(2,1)=-1.0

DF(2,2)=0.0

RETURN

END

000001
000002
000003
000004
000005
000006
000007
0060003
000909
0060010
000011
000012
000013
000014
000015
000016
000017
000018
000019
0009020
000621
000022
000023
000024
000025
000026
000027
000028
000029
000030
000031
000032
000033
000034
000035
0060036
000037
000038
000039
000040
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DATE : 82/64/29. TIME :: 12.270 08. e - ‘PAGE : 1

UNCONSTRAINED MINIMAX OPTIHIZATION U‘IMUH PACKAGE) n (V:82.03)

TRMMU2 : HALD-MADSEN EXAMPLE 1 '

INPUT DATA®

NUMBER OF VARTABLES (N) 7. « W v o o « o o o o 0 o o o o o o o o o o o o o 2
NUMBER OF FUNCTIONS (MDU. o 5 o o o o o o o o o o o o o o o o o o o o o 2
STEP LENGTH (DX) v« oo o o o o s o o o o o o o o o o o o o o s+ « 6.,000E-01 !
ACCURACY (EPS) » <'v 23v o o o o oo o o o s s s e e v s s o v+ . 1.000E-06
MAX NUMBER OF FUNCTION EVALUATIONS (MAXF) ... . i e e e e e e e e e BO.
NUMBER OF SUCCESSIVE ITERATIONS (KEOQS). « +iie o o« o o o o o o o o o o o o 2,
WORKING SPACEICIW) v« v e o o o o o o o o o o o o o o o e e e ... o8
PRINTOUT CONTROL CIPR) & '« vie o o o o o o o o o o o s o006 s o o o o o o - =10
STARTING POINT: o
VARIABLES . . FUNCTION VALUES

1 -1.200000000000E+00 - : . 1. -4.400000000000E+00
2 1.000000000000E+00 .. 2 . 2.200000000000E+00

VERIFICATION OF IPARTIAL DERIVATIVES:PERFORMED.

SOLUTION

VARIABLES - ' . FUNRCTION VALUES

1 1.000000000000E+00 < 1 8.552713678801E-14

2  1.000000000000E+00 . 2 7.105427357601E-15
TYPE OF SOLUTION «CIFALL) . {'e ole o o o o o o o o o o o o o o o o o o s o
NUMBER OF FUNCTION.EVALUATIONS ..v o & ¢ o o o o o o s o o o o o o o « o 17
NUMBER OF SHIFTS TO STAGE~2 . + «e v ¢ o v o o o o o o o o v oo e o o 5
 EXECUTTON TIME CIN SECONDS) - + « e v v o v e oo e e e e e e e v . .08
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DATE : 82/04/29. : TIME : 12.27.09: i . PAGE : 1
UNCONSTRAINED MINIMAX OPTIMIZATION (MMUM PACKAGE) et (V:82.03)

TRMMU2 : HALD-MADSEN :EXAMPLE 1

INPUT DATA.

NUMBER OF VARIABLES (N) 1. o ¢ ¢ o o ¢ o ¢ o o o o o o o o o ¢ o o o o o o 2
NUMBER OF FUNCTIONS (M. ¢ ¢ 2 ¢ ¢ o o ¢ o o o o o o o a o o s o o o o 2
STEP LENGTH (DX) . . ¢ v ¢ o o o o o s o o o s o o o s s ¢« o o+ o+ +» 6.000E-01
ACCURACY (EPS)  + « ¢ el o o o o o s o s o o s o s o o s s o o + » 1.000E-06
MAX NUMBER OF FUNCTION EVALUATIONS (MAXF) .<0 ¢« ¢ o o o o o o o o o o o 50
NUMBER OF SUCCESSIVE ITERATIONS (KE@S):. . v ¢ ¢ ¢ o o o ¢ o o o o o o & 2
WORKING SPACE"CIW) & « ¢« ¢ ¢ ¢ o o o o o o o o o s o o o o o s o o o o o 28
PRINTOUT CONTROL C(IPR) . . ¢ ¢ o o o o o o o o o o o o ¢ o o o o o o o o -10
STARTING POINT :

VARIABLES L FUNCTION VALUES
1 -1.200000000000E+00 o 1 -4.400000000000E+00
2 1.000000000000E+00 Ol 2 2.200000000000E+00

VERIFICATION OF /PARTIAL DERIVATIVES!PERFORMED.

SOLUTION
VARIABLES e FUNCTION VALUES
1 1.000000000000E+00 o 1 8.552713678801E~-14
2 1.0000060000000E+00 i 2. 7.105427357601E-15

TYPE OF SOLUTTON CIFALL) . « & 2l0 o o o ¢ o o o o o o o o o o o o o o o 0
NUMBER OF FUNCTION EVALUATIONS . .i « o o o o ¢ o o o o o o o o o o o o « 11
NUMBER OF SHIFTS TO STAGE=2 . . civ « « o o o« o o o o o o o o o o o o o s 2
EXECUTION TIME C(IN SECONDS) . < «..v 4 o o o o o o o o o s o« o o o « o « .052
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Example 3 [5, Example 3]

This is the problem proposed by Brent [6] as an example in which
the continuous analogue of the Newton-Raphson method is not globally
convergent. The problem is to solve a system of 2 nonlinear equations

ll(x1+x2) =0,
(x,-x,)((x -2)2 + x2) + 3x, + 5x, =0
172 1 2 1 2° 7 °
More details and some solutions are given in [5]. It can be observed,

however, that the solution can be obtained by minimizing the objective

function
F(x) = max (I£,(01, I£,(01),
where
£,(x) = H(x +x5) |
£,00) = (k1) ((x,-2)% + 2) + 3x, + 5%,

The solutions are shown for U4 different starting points 50

as in [5]. For this example all the solutions have been found in

Stage 1 only.
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PROGRAM TRMMU3(OUTPUT, TAPE6=0UTPUT)

c
C BRENT EXAMPLE
Cc

DIMENSION X(2),XX(4,2),T(3),W(98)

EXTERNAL FDF
DATA XX/2.0,-2.06,2.0,2.0,
1 2.0,-2.0,06.0,1.06/

DATA T/10HTRMMU3 : B, 10HRENT EXAMP, 10HLE

CALL MMXHDR(3,T)
N=2

M=2

IPR=-10

Do 26 I=1,4
X(1)=XX(I, 1)
X(2)=XX(I,2)
DX=0.2
EPS=1.E-6
MAXF=50

KEQS=2

IW=98

ICH=6 )

CALL MMUM1A(FDF,N,M,X,DX,EPS,MAXF,KEQS, W, IW, ICH, IPR, IFALL) . -

IPR=0

20 CONTINUE
STOP
END

aa

- SUBROUTINE FDF(N,M,X,DF,F)

DIMENSION X(N) ,DF(M,N) ,F(M

X1=X(1)

X2=X(2)

R1=X1-X2

R2=(X1-2.0) k%k2+X2%xX2"
F(1)=4.0%(X1+X2) ’
F(2)=R1*%R2+3.0%X1+5.0%X2"
DF(1,1)=4.0

DF(1,2)=4.0

DF(2, 1)=R2+(R1+R1) ¥%(X1-2.0)+3( 0

DF(2,2) =-R2+R1%(X2+X2) +5:0
RETURN
END

000001
000062
0000663
006004
000005
000006
0006067
000008
000009
000010
006011

000012
6006013
000014
000015
000016
006017
000018
000019

060020
000021

000022
000023
060024
000025
000026
000027
000028
000029

960030
060031

000032
000033
000034
600635

000036

000037
060038
000039

000040
000041

000042
000043
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DATE : 82/04/29. : : TIME : 16.13.360: i , PAGE : 1
UNCONSTRAINED MINIMAX OPTIMIZATION ¢(MMUM PACKAGE) - ¢ (V:82.03) :

TRMMUS : BRENT EXAMPLE

INPUT DATA

NUMBER OF VARIABLES (N /i o o o s o o o o o o o o o o o0 o s o o o.o o o 2.
NUMBER OF FUNCTIONS (M)ii o & ¢ o o o o o o oo o o o o o o o o o o .. 2
STEP LENGTH (DX)  « ¢ +. 6 o o o o o o o o o o o o o o s« o s s o o o 2.000E-01
ACCURACY (EPS) . . ¢ ¢lo o o s o o o o o o .. e s s s o o o s 2 +« o 1,000E-06
MAX NUMBER OF FUNCTION EVALUATIONS . (MAXF) .50 o 306 o o 0 o o o o o o o & 590
NUMBER OF SUCCESSIVE ITERATIONS (KE@S). . +c%¢ s o o o o o o o o o o o o o - 2.
WORKING SPACESCIW) v & o v o o o o o o o o o s o o o o o s o o o o o o o« - 98
PRINTOUT CONTROL CIPR) . v vive o o o o o o o o o s o o o o o o o o o o o« - =10
STARTING POINT :

VARIABLES - b FUNCTION VALUES
1 2.000000000000E+00 1 1.600000000000E+01
2 2.000000000000E+00 2 1.600000000000E+01
VERIFICATION OF 'PARTIAL DERIVATIVES)PERFORMED. .
SOLUTION
VARIABLES -~ = ¢! FUNCTIOR VALUES
1 0. » . 1 0.
2 0. : 2 e.

TYPE OF SOLUTION CIFALLY .  « 2le o o o o o o o o o o o o s s oo o o o . ©
NUMBER OF FUNCTION. EVALUATIONS .Ud « < o o o o ¢ o o o o o o o o« o o o o - 9
NUMBER OF SHIFTS TO STAGE=2 . + +. v v o ¢ o + o o o« o o o o s o o o s o o O
EXECUTION TIME (IN SECONDS) .0 v viie v o o o o o o o o o o o o o o o o o .029,



DATE : 82/704/29:
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UNCONSTRAINED MINIMAX OPTIMIZATION ¢MMUM:PACKAGE)

TRMMU3 :

INPUT DATA

NUMBER OF VARIABLES (N)i. . . « . « ¢ & &

BRENT EXAMPLE

NUMBER OF FUNCTIONS (M., . « « « ¢ « « &

STEP LENGTH (DX)
ACCURACY (EPS) .

.

MAX NUMBER OF FUNCTION EVALUATIONS (MAXF)

WORKING SPACE CIW) v ¢ v v v o o o o« o o o o o o %

PRINTOUT CONTROL (IPR) . . .'¢ « « « « &

STARTING POINT - :

SOLUTION

TYPE OF SOLUTION CIFALL):' . . ¢« )¢ o o
NUMBER OF FUNCTION: EVALUATIONS .:¢ . . .
NUMBER OF SHIFTS TO STAGE-2 . . .'. . . .
EXECUTION TIME (IN SECONDS) .- . ¢ o o &

DO

1
2

TIME ¢ 16.13.81: PAGE : 1
i (V:82.03)
e e e e e e e e e e e e e 2
e e e e e e e e e e e e e 2
e e e e e e e e e e e e e e e e e e e e 2.000E-01
e e e e e s e e e e e e e e e e e e e .+ 1.000E-06
cBe. s v s a s oa o o o s s s 50
NUMBER OF SUCCESSIVE ITERATIONS (KE@S) . . .. . . B 2
' e e e e e e 28
e e e e e e e e e e 0
VARIABLES FUNCTION VALUES
-2.000000000000E+00 1 -1.600000000000E+01
-2.000000000000E+00 2 -1.600000000000E+01
VARIABLES FUNCTION VALUES
0. 1 o.
0. 2 eo.
e e e e e e e e e e e e e 0
e e e e e e e e e e e e e 7
e e e e e e e e e e e e e o
O X



- 36 -

DATE : 82/04/29: : TIME: 16.13.3L:

UNCONSTRAINED MINIMAX OPTIMIZATION ¢(MM{UM PACKAGE)
TRMMU3 : BRENT EXAMPLE i

INPUT DATA-

NUMBER OF VARTABLES (N)l.v. e e e s s e e e s
NUMBER OF FUNCTIONS (M), o © ¢ o o o o o o o »
STEP LENGTH (DX} . . o .c o ¢ o o o s o o o o o
ACCURACY (EPSY .« o ¢ cic o o o o s o o-93 o o =
MAX NUMBER OF FUNCTIOR EVALUATIONS:(MAXF) .''. .

NUMBER OF SUCCESSIVE ITERATIONS (KEQ@S):: . «‘....

WORKING SPACEHCIW) \0 o« o ¢ o o o o o o o o o o
PRINTOUT CONTROL (IPR) . . «is o ¢ o o o o o &
STARTING POINT :

VARIABLES
1 2.000000000000E+00
2 . ’ .
SOLUTION
VARIABLES - ;
1 0.
2 0.

TYPE OF SOLUTION:(IFALL) . . . o oie o o o o o &
NUMBER OF FUNCTION EVALUATIONS .u.s . <« .6 ¢ o &
NUMBER OF SHIFTS TO STAGE-2 .0 . st o o o o o o
EXECUTION TIME (IN SECONDS): .. ¢ e o o o o =« .

Ll

DN =2

8.
6.

9.
9.

PAGE : 1
(V:82.03)
e o e e s e s s . 2
e e s s e o e o o o 2

e o e s e o o 2.000E-01

e o o e o o« o 1.000E-06

FUNCTION VALUES

000000000000E+00
000000000000E+060

FUNCTION VALUES

© e e s e e s e s <054



DATE : 82/04/29.

TRMMU3 : BRENT EXAMPLE

INPUT DATA"

NUMBER OF VARTABLES (M) i. . o ¢ « o« « o &
NUMBER OF FUNCTIONS (M%. . & ¢ « o o o &

STEP LENGTH (DX)
ACCURACY (EPS) . . .

MAX NUMBER OF FUNCTION EVALUATIONS.(MAXF)

- 37 -

TIME :

eiw & o e o s e e

NUMBER OF SUCCESSIVE ITERATIONS (KEGQS):: .

WORKING SPACE:(IW) .. .
PRINTOUT CONTROL (IPR)
STARTING POINT :

N

SOLUTION

1
2

TYPE OF SOLUTION CIFALL)Y . . . .. . . &«
NUMBER OF FUNCTION. EVALUATIONS ... . . .
NUMBER OF SHIFTS TO STAGE-2 . . . . . . .
EXECUTION TIME (IN SECONDS) . . . . . . .

e e e s o e e s o

. . * e . . . . .

VARIABLES

2.000000000000E+00
1.0600000000000E+00

VARIABLES

0.
0.

: 16.14.15:
UNCONSTRAINED MINIMAX OPTIMIZATION (MMUM:PACKAGE)

0=

1.
1.

9.
0.

PAGE : 1
(V:82.03)

2.000E-01

s e e e o o e

1.000E-006

e o o o s e o

e e e e e s e e e e 50.

FUNCTION VALUES

200000000000E+01
200000000000E+01

FUNCTION VALUES

. 056 .



Example 4 [3, Example 4]
This is the Rosen-Suzuki constrained minimization problem [7],
slightly modified as indicated below. It is to minimize
2 2 2 2
£(x) = x| + x5 +,2x3 + Xy = 5x4 = 5%, - 21x3 + Txy

subject to constraints

2 2 2 2
..x1_x2_x3..xu-x1+x2-x3'+xu+8_>_0,
2 2 2 2
- Xy - 2% - X3 = 2X) + X, + X, + 10 > 0,
2 2 2
- Xy = X5 = x3 - 2x1 + Xy 4 Xy + 5>0.

(The coefficient of xf in the third constraint is -1 not -2.)
The solution is x* = [0 1 2 ~11% with £(x*) = - uu,

To use the package, the formulation of the original problem has to
be modified in several ways. Since the package minimizes the absolute
values of residual functions, the negative solution t(g*) cannot be
obtained. Therefore, instead of the function f(x), the function f1(5) =
f(g) + ¢ can be used where ¢ is a positive constant which is equal to at
least f(x*); c=100 is used in the example (as in [31). Moreover, the
constraints must be expressed in another form because the package

performs unconstrained optimization. The common technique [8] i<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>