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MINOPT - AN OPTIMIZATION PROGRAM BASED ON RECENT MINIMAX RESULTS

J.W, Bandler, C. Charalambous and J.H.K. Chen

1, PurEose

MINOPT is a package of subroutines for solving minimax problems. That is,
it minimizes the function

Ma(é) £ max ai(§), I é'{1,2,...,m}

iel
. . . . A T
where the a;'s are differentiable functions of x = [xl Xy eee xn].

The minimax problem is formulated as a least pth objective due to Bandler and
Charalambous [1] - [2]. An algorithm recently proposed by Charalambous [3] and
the Fletcher minimization program [4] are then adapted to solve the resulting least
pth optimization problem.

2. The Algprithm

(1) Set r =1, k = B, where B is an integer.
(2) Define El = min[&l, Ma(go)], where xo is the starting point

and g} is an initial estimate of El.
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If k <0 set = {ilai(§0) > 50, i e I} otherwise set I" =1,
where EO is a preset margin.

(3) Minimize with respect to x the function

T
. r a; (- - Q)7
U (o87) = M, (X287 ) =€) [ ) ( ﬁg{%;ﬁ?jtg' ] Jq

ied
where
T T
0 for M_(x,E°) # 0
o= | %
small positive number for Mg(ﬁ,gr) =0
T
q = p sgn M (x,&")
and

. r >0, thenl <p <, J= {ilai(ﬁ) > Er, eI}
i€ M, (§,8) .
<0, thenl <p <=, J=1.
(4 Ifr> T oax? where Toax is the maximum permissible number of optimizations,
stop.
5) set £l =7, uiai(gr)
ieJ
where

v

i
ui= o ————
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ied

( a, (x*)-£F ) q-1 y
2 for ieJ
M, G €D

0 for i # 3
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where J is the set J corresponding to the rth optimum and X~ is the

optimum parameter vector of the rth optimization,

If Ma(%r) - §r+1< n, where n is a small positive number, stop.
(6) Set k =k - 1. If k<O set ¥+l = { ilai(%r) > gr, i € I} otherwise set

o =1.
(7) Setr =1 + 1 and go to (3).
3. Comments

The algorithm recently proposed by Charalambous [3] differs from the two
previous algorithms of Bandler and Charalambous [1]-[2] only in the method of
determining the artificial margin £*. After the first optimization, the value of
¥ used in the new algorithm is, under appropriate conditions [3], a lower bound
on Ma(%), where % is the minimax optiﬁum. Therefére, fhe index set for the least
pth formulation is reduced to

J = {ilai(g) > £F, iel}

and some computation effort may be saved.

In implementing the new algorithm, an option is introduced whereby the index
set for the evaluation of the function for the (r+1)st optimization may be reduced
to

r+

G {i|ai(i‘,r) > 5, i e 1),

Therefore, in an»approximation problem, say, the user can afford to start the
optimization with a large number of sampling point$ in order to minimize the
possibility of missing some crucial points.

After each optimization, the complete original set of functions will be
evaluated to determine K = {ilai(%r) = Ma(%r), iel}, IFKNI" =9,

the program will halt and output an error message.



The accuracy in the estimation of gr, the lower bound, depends on the
accuracy of the optimum, %r-l’ obtained. If gr is exceeded by more than one per-
cent in the rth optimization, the index set for the evaluation of the functions for

the (r+l)st optimization will be reset to

If the problem involves meeting certain performance specifications, the first
optimization will indicate whether such specifications can be satisfied [1].

An option is provided whereby the optimization process can be halted if the
specifications cannot be met.

The program has been written in such a way that the optimization can be re-
started from any point instead of having to repeat the entire process.

A small value of p, such as 2, is recommended. If a large value of p is
used, much effort will be spent in the initial optimizations which involve more
functions.

All input data is entered through the argument of MINOPT, hence, the program
can be easily incorporated into other automated computer-aided design packages.

MINOPT is written in standard FORTRAN IV and has a total of 512 cards.

4, The Argument List

CALL MINOPT (USER, N,NA,P,SI,SIO,NOM,MAX,EST,ETA,EPS,IGC,ISP,IFC,IP,X,Z,GU,A,
PY,Y,H,W,GA,T1,T1P,B,VI,ID,IE)

The arguments are as follows

USER the identifier of the user subroutine-see Section 5.

N an integer set to the number of variables (N > 2).

NA an integer set to the number of functions.

p a real number set to the value of p used in the least pth formulation.

SI a single element in which the value of the current artificial margin



SI0

NOM

MAX

EST

ETA

EPS

I1GC

ISP

IFC

IP

is stored. SI should be set to an estimate of the initial value of the
artificial margin or zero on entry.

a single element in which fhe value of the previous artificial margin
is stored. SIO should be set to zero or an estimate of the margin

for the reduction of the number of functions on entry.

an integer set to the maximum permissible number of optimizations.

an integer set to the maximum permissible number of function evaluations.
a real number set to the estimated minimum value of the least pth
objective,

a real number set to the stopping test quantity for the algorithm.

a real array of N elements set to the test quantities used in the
Fletcher program. The value of the elements will be reduce& by a
factor of 10 after each optimizétion.

an integer set to 1 if the derivatives at the stérting point are to be
checked by numerical perturbation. Otherwise, set to any other vaiue.
an integer set to i if the scheme for the reduction of the number of
functions is to be.applied after the ith optimization.

an integer set to 1 if the optimization is to be terminated when the
specifications cannot be satisfied.

an integer controlling output printing to be set as follows:

IP > 0, printing out every IP iterations

IP

0, printing after each optimizatidn

IP < 0, printing suppressed.

a real array of N elements in which the current estimate of the
solution is stored. An initial approximation must be set in X on entry.
a real array of NA elements set to the values of the independent vari-

able at which the functions are to be evaluated.



GU a real array of N elements in which the derivatives of the least pth
objective corresponding to X above will be returned.
A a real array of NA elements in which the values of the current set

of functions minus the artificial margin is stored.

PY,Y arrays of N elements.

H an array of N(N+1)/2 elements.

W an array of 4N elements.

GA a two suffix array of N rows and NA columns.
T1,T1P,B,VI,ID,IE

arrays of NA elements.

5. The User Subroutine

The user must provide a subroutine headed
SUBROUTINE XXX(Z,A,NA,GA,X,N,ID,IG)
DIMENSION Z(1), A(1), GA(N,1), X(1), ID(1)
where XXX is an identifier chosen by the user.
This subroutine should use the variables X supplied in array X, the number
of variables supplied in N, the values of the independent variable z supplied in
array Z, the current index set for z supplied in array ID and the current
number of functions supplied in NA to evaluate the functions and their correspond-
ing partial derivatives and place them in arrays A and GA, respectively. XXX must
be passed to MINOPT as MINOPT's first argument - see Section 4, and appear in an
EXTERNAL statement in the program that calls MINOPT.
A zero value of the input parameter IG indicates that the partial derivatives
are not required. Hence, IG may be used to bypass the evaluation of the partial

derivatives.



6. Other Subroutines

The following is a brief deséription of the subroutines called by MINOPT.

LPOBJ formulates the least pth objective.

GDCHK checks the derivatives at the starting point by numerical perturbationr,
OUTPUT outputs the optimum solution‘or the current estimate of the solution.
VAO9A is the Fletcher minimization program.

The overall structure of MINOPT is shown in Figure 1,

7. Illustrative Example

Find a second-order model of a fourth-order system, when the input to the
system is an impulse, in the minimax sense.

The transfer function of the fourth-order system is

(5+4)

- G(s) = 5
(s+1) (s“+4s5+8) (s+5)

and the transfer function of the second-order model is

X3

2 2
(s+x1) * X,

H(s) =

The problem is therefore equivalent to finding the optimum point % such that the
function
Fix,t) = 3
X,t) = =2 - ‘5
X, % exp ( xlt) sin xzt
best approximates the function

3 1 5 (-
§(t) = 7, exp(-t) + g, exp(-5t) - ngﬁ—zf) (3 sin2t + 11 cos 2t)

in the minimax sense.



The problem was discretized into 51 uniformly spaced points in the time

interval 0 to 10 seconds and the function to be minimized is given by

U=max |e.(x)| , I ={1,2,...,51}
iel 1

where
ei(ﬁ) = F(&sti) = S(ti)'

The minimax optimum is

v

U = 0.794706 x 1072
and
0.684418
X = | 0.954093
0.122864

A typical calling program, user subroutine and printout of resultsare shown
in Figures 2,3 and 4, respectively. Four optimizations and 119 function evaluations
are required. Figures 5 and 6 illustrate the calling program and the corresponding
printout of results when the same problem was restarted from the optimum of the

third optimization.

Acknowledgement

The authors are indebted to W.Y. Chu for his assistance in this work,

References
[1] C. Charalambous and J.W. Bandler, "New algorithms for network optimization',

IEEE Trans. Microwave Theory Tech., vol. MIT-21, pp. 815-818, Dec. 1973.

f2] C. Charalambous and J.W. Bandler, "Nonlinear minimax optimization as a sequence
of least pth optimization with finite values of p", McMaster University,
Hamilton, Canada, Internal Report in Simulation, Optimization and Control,

No. SOC-3, June 1973 (revised March 1974).



[3] C. Charalambous, "Minimax optimization of recursive digital filters

using recent minimax results", IEEE Trans. Acoust. Speech and Signal

Processing, vol. ASSP-23, pp. 333-345, Aug. 1975.
[4] R. Fletcher, "FORTRAN subroutines for minimization by quasi-Newton
methods", Atomic Energy Research Establishment, Harwell, Berkshire,

England, Report AERE-R7125, 1972.



(OUTPUT

Figure 1.

VAO9SA

= USER

/

MINOPT

—*ﬁ/LPOBJ

r

GDCHK

Overall structure of MINOPT.

10



PROGRAM MATN

NTMENSTNAN X (

1) TIP(R1),

—

FXTERNAL FCT
FAMMAN SARC )/

M=

NMA =K1

D:?.
ST=b,F-"7
STN=0,

NARM=—Q
MAXY=2NN
ECT=Nn,
CTA=1,F—£
AT T=1 M
FPS({T)=1eF=5
CAMTTMIF
TRC=1

Taen=1

ff(:ﬂ

TP=20
X(11=1,
X(2)=1.
X(3)=1,

"2 T=7MA
7(1)=042%F LN
FANT TAME
N1=2,/20,

NN 2 T=74NA
T=7(1)
No=EXD (=T
TT=T+T
SPF(T1)=D1%D?2
COANT TNUF
CALL MINQPT
XoZ osGUsAsPYs
S als)

AN

Figure 2,

FCTNPUT s OUTPUT o TARFE=TNPUT s TAPFE=NUTDUT)

2)s CU(2)e EPS(2)e HIAYs W(12)e A(BT)s GA(2481)s T1(51
R{51)s VI(RTYs PY(2), Y(2)s 7(B1)s TN(8TI)a TF{RT)

SPF(51)

AT(T-1)

NP HHKB /B2 g D2 *N2H (4 #SIN(TTI+11.#COS(TT)) /65,

(FOT oNGNA 3P s ST g STONNMIMAX GFST o FTASFPS TGO ,TEP,TFC,T1P,
YoHol s CAsTToTIPsR VT 4 TNsTF)

Calling program for the system modelling example.

Starting point §0 =[11 l]T.

—

D N

-t .
N2 ) D 0 d N

— e 3
n o> w0

16
17
18
10
els
21

22
e
24

25
26
27
2R
50
2N
2]

272
21
4
25
26
27
28
20
LN

4



SURRAUTTINE ECT (ZeshosNAsGAsXsNa TN TGR)

NTMENSTOAN 2(1)s Al1)Ys GA(NMsT)s X(1)s IN(T)
CAMMAN JANRC Y/ SDE(RT)

NA 1 T=1eNA
J=10(0T)

T=7101)

N2=CXD(-T)

NA=N2%EX (V) /X (D)

NT7=X(2)*T

NE=NA4ESTN(NT7)

NAE=NLGH¥CNAS (D7)

APF=X(72)%N~R

NA_ADE_CDF ()

Al J)Y=ARS (P2

TE (ThR.FNLY £ T
na=n2/a(J)

CA(] 9 J)==APFXT®NR

CAA(25 V= (=APE/X (D)X () 2T %NA) ®NA
CA(24 JYy=DERNO

FANTINUE

ST

SEXEY

Figure 3, User subroutine for the system modelling example.
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GRADIENTS CHECKING

GRADIENTS KaVE RFEN CHECKED AT THE FOL| nwING PCINT

X( 1)= 1400000000E+90
TR Z2TE TT.0000000UEF00
AC 3)= 1e0G0000U0E+(y

NUMERICAL GRADTENTS
-7, 78754933F=nl

ANALLYTICAL GRANDIENTS
~7,78784935F ]

PERCENTAGE FrrdD
2,004118507F 07

"'3 T80 29995E=]
69847?37F'nl>

=3.7ANZIFGSE =71
T.85847238F=nl

GRADIENTS ApRE 0O, K.

ARTIFICIAL MARGIN FNOR ThE NEXT CRTTIVNIZATION = 4e¢Q0UDUOVOE~U3

NUMBER 0oF FUNCTTONS FaR THE NEAT oPTTwIZATIon = 51
OPTIVMIZaTION 1 '
1TER  FuncT ORJECTIVE VARIABLF SrAVTENT

0 9 6.394211E=01 1, 0v0000E+00 =7, 78 TR49F~(,]

«3.78U3v0E=¢1

1.000000F+0nu : ,
TerGR4TPF=01

1.090000F+00

20 36 T.778212E=¢3 B.,520u20=n1l He39n533E=116
e R.9353T7F=n1 I e384hchE=D5
1.47206RBE=n]l =Be.3624%92F~u5

22 38 7.778211E=03 B.5¢0350E=n1 =9¢/3uy915F=y8
B.9350]18F=nl =24ri5h60]1FE=u8

1.422609F =01 e ibd3LI3F=0T

CIEXIT = I T

NORMAL FEXIT

CURRENT MAXIMUM FUNCTTON VALUE =
ARTIFICIAL vARGIn FOR THE NEXT cPTIWIZATION =
NUMBFR OF FENCTIONS FrRTHE NEAT OPTIMIZATIAN =
OPTINIZATIOh ?

1s6914414AF=02
7 027 / ] J%"‘xﬁ["‘v)3
,,,_1__:',*_ S S — _— -

\If.‘\“IhHLE

ITER FUNCT ORJECTIVE GrALTENT
35 55 lel1hl221lE=03 W N0 1BP2F=nl =1sD04BD4F =ik
Q 2419483F =l =3,u]11574F~06
T 1.729TI%1F=/l" " 1vZ34177F~=n8
IEX]IT = 1

NORMAL EXIT

CURRFANT MAXINUN FLNCTIOA VALUE = &, PH4BG2IEFTU
ARTIFICIAL NAfou Fd@ THE NE;}vEQRINIZQ?Ion = T QJ%QLaLQE—«s
NUMHER COF FURNCTINNS FOR THE NEAT OPTIMLIZATICN = €

Figure 4. Results for the system modelling example.

Starting point x0 =
N

1+ 72039197F =8
2616616212=07

[1 1‘1]T.



OPTIMIZATION 3

14

ITER""TFONCT ORJECTIVE VARTABLF  GRADIENT
4y 68 5,43624TE=05 6,876561F=nl =4,268539E~03

9.525845F =0l =2¢71/345¢-04
1.231909F=nl 1e7324089F =0l

49 8] 1919435E=05 6 R4 T436F=n1 =Y HIPILIF=0T
9.54Gcb4F=nl leda97c2E =0T
1.2¢8994F=n1l 1e685007F=06

IEXLIT = 1

NORMAL EXIT - -
CURRENT MAXTMUM FUNCTTON VALUE = 7.95]7AR742F=43
ARTIFICIAL wAKGIy FOr TRE KEXT cPTInILATION = Te94705799E=03

NUMEFR OF FUNCTIONS FCR THE NEXT OPTTHIZATINNM = R
OPTIMIZATION 4 e
ITER  FUNCT OKJECTIVE VAR TABLE GHAL TENT

6y 111 3.631441E=-0Y9 6,844 1BFenl <=lebzZ)lobF=(2

G . 54(929Fenl =1.916376F=02
].265043F'01 1elY99u15E=u]

64 11a ) 1,625539E =09 6,46l 7pfenl =letz2abb9F=(2

T a “,HVW?BTFQOI"'33;72?FV5F;T3””W o

],7¢8042F -0l 1.650a/)E=01

IEXIT = 1
NORMAL EXIT

CURKRENT-HAXIMUNF FUNCTTON VALUE = T79%705954F~u3

ARTIFICIAL MARGIN FOR THE NEXT ORPTINIZATION = Te94705910E-03

FCLLOWING IS THE OPTIMUM SULUTICK

orJECTIVE FUNCTICN U = l e 67G8386SE=UY

x({ 1)= 6 RB4417768E-0) GU( 1)= -] 4PPGAFIOE =2

Xs 2)=  9.94093 8ﬁﬁf§l,0U§”2 = =Jd.779RI4EOE=(T

X{ 3)= 1.,22864245E=01 GU 'B}E”'T;6§047054E~ﬁ1”
NUMRER OF FIINCTION FVALUATIONS = 119*

*This total includes the number of function evaluations required for

gradient checking, minimization and the determination of the artificial

margin and index set.
Figure 4. [continued]. Results for the system modelling example.

Starting point X =[11 177,
N



—

—

PROGRAN MATIMIINPUT,NUTPUTsTAPES=INPUT s TAPEA=0OUTPUT)

NIMENSTON X(2)s GU(2)s FPS(R)s HIA)s W(12)s A(51)s GA(R551)s T1(51
) o TIP(R1)s PUHT)s VI(BT)s PY(R)s Y(2)s Z(51)> ID(51)s IE(51)
FXTFRNAL TCT

FAttIAN JARC/ GDFE(BT)

N=2
NA=R/]
D=7,

C1=7e Q4 7NRANIFE="7
CINz=T74028Q1T20CTF =7
M AN -0
MAX =200
FCT=0,
FTA=1eF—-6
NN 1T T=16M
TpS(I)=1F=08
CANTTNUF
160=0
TEpP=0
17C=0
TP=20
X(1)=h e RUTH2HF =7
X(2)=0eR4UPALF=T1
X(2)=14220004F =01
NN 2 1=1sMA
7(I)=0e2%FLOAT(T=1)
CFAMT TN
N1=2,4/70,
nA 2 T=14NA

T=201)
NP=FXP(=T)
TT=T+T

SPF (I )251’)\"D7,+r\'7**g/"‘:20-(\/7*[)7*(?ﬁo*SIN(TT)+] 1.%#COS(TT)Y) /A5

CoNTINUFE o : S

CALL MINOPT (FOCTaMeNA P aS] s STNANAMMAX G FST o FTA TP TRC TR, TFC TP,
XsZsﬁusﬁsDYaYaHawsCAeT19T1D-03VT9TD9TG) : ST

cTAD

T

Figure 5. Calling program for the system modelling example.

Starting point ?60 = [0.6847436, 0.9540264, 0.12289941.7

DN

A

N

-
Y ) 0 d L

s
N e D

2/
)
26

27

20
20
21

~
22

273
24
2
24

27

246

B

N
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ARTIFICIAL MARGIN FOR THE NEXT OPTIMIZATION = 7.94705801E-03
NUMBER OF FUNCTIONS FOR THE NEXT OPTIMIZATION = 4

_QPTIMIZATION 1

ITER FUNCT OBJECTIVE VARIARLE GRADIENT
0o 2 . 4.725031E=06 6.847436E=01 =4¢260840E=03

9,540264E=0]1 =2.716570E~04
1.228994E=01 1.733467E=01

14 42 1-544955£=oa___b+344;195204—_a44344541£zosw-m,mﬂ»
9,540931E~01 =3.68¢037E=-03
Y+328042E-01 -818263025-02

IEXIT = 1

NORNAL EXIT

CURRENT MAXIMUM FUNCTION VALUE = 7¢94705906E=03

ARTIFICIAL MAKGIN FOR THE NEXT OPTIVMIZATION = 7.94705888E-03

FOLLOWING IS THE OPTIMUM SOLUTION

OBJECTIVE FUNCTICN U = 1,564195549E=09

X( 1)= 6,864)1TTS9E=01 GU( 1)= 4.84451665E-03

X A= 1.223653165-5% GU ( %!a -g.ézgégagzs-oz
NUMBER OF FUNCTION EVALUATIONS = 43

Figure 6. Results for the system modelling example.

Starting point x° = [0.6847436 0.9540264 0.1228994]17,



FORTRAN Listing for MINOPT



AN N AN AN NN D AN O NN

6

SURROUT INF MINOPT (USFQ,NoNA9P95195IO

1IF(sTPstZsGUsAoDYsYoHaW,GA,T]9T1POB9VI9IDsTF)

MINADT DACKAGE FARMULATES A MINIMAX
ARJFCTIVF DUF TO RANDLFR AND CHARALAMBOUS(l)—(?)
SOLVED RY AN ALGORITHM PROPOSED RY CHARALAMPOUS(%)

WITH THF FLETCHER MINIMIZATION PROGRAM(4) o

REFERENCES

18

9NOM9MAX9CST9FTA9¢P59TC(;YSPs

pRABLEM AS A LEAST PTH
WHICH TS THEN
IN CONJUNCTION

(1) Co CHARALAMROUS AND JeWe BANNLFRS NEW ALGORITHMS FOR NF TWORK
APTIMIZATIONs IFEE TRANSe MICROWAVF THEORY TFCHe s VOL eMTT=210

OpP.R1R-R1R, DFCe 19776

(2) Ce CHARALAMROUS AND JeWe BANDPLERS NONL INFAR MINIMAX OPTIMIZA=

TION AS A SFOUFNCF OF LFAST PTH OPTIMIZATION WIT
ITYs HAMILTONS CANADAs INTERNAL

VALUES OF Po MCMASTER UNIVERS

H FINITFE

REPORT IN STMULATIONS OPTIMIZATION AND CCNTROL s NOeSOC-3e JUNE

1973

(2) Co CHARALAMBOUS, MINIMAX OPTIMIZATION AF RFCURSIyF DIGITAL
FILTF—'DS USTNG RFCFMT M IMIMAX RFSULTS UMI\/FRSITY

WATFRLNONs CANADAS NEPARTMFENT OF COMRINATORIC

s RFSFARCH RFPORT CORR T4-6, FEBRUARY 1074

(4) Re FLFTCHFRS FORTRAN SURRCUTINFS FOR

NEWTON METHODSS ATOMIC ENERGY

AF WATFRLNOS

S AND OPTIMIZATION

MIMIMIZATICN RY QUAST -

RESEARCH FSTARLISHMENT HARWELL »
BERKSHIRF o FNGLAND, REPORT AFRE-RT125s 1977

NTMFENS TON X(1)s GUC1Ys FPS(1)0 HM(1)se W(1)oe A(T1)s GA(Ns1)S T1(1)Ye T
110(1)s (1) VI(1)s PY(1)Y Y(1)s 21> IN(1)s 17(1)

EXTFRNAL USEP

1FN=0
NAO=NA

DO 1 I=1sNA
1F(1Y=1
Int1y)=1
CANTITNUF

O =]

L=1

IF (IGCe.ENe1) CALL GDCHK (USFRsZsAsNASG

19IFNsIF)
IF (IPeGFeC) WRITE (6+28)

cALL USFR (ZsAaNAgG/\;XgNgIF,O)
IFN=TFN+]

AM=A(T)

nno? I:]."\‘A

AMZAVAX](AM9A(I))

CONTINUF

SI=AMTNT(519AN)

IF (IPeGFe0) WRITF (6425) SI
1F (1SP.GT.0) GO TN 4
AM=AM=GTO

nA R T=1eNAD

nETY=A(TY=5T0

cONTTNUFP

an TN 17

IF (IPGFe0) WRITF (6924) NA
FSP=FST

[F (1P,GF.U) WRITF (6926) NO
cAaLL ValaA (USF09M9X9¢SD90U9H9W9O
YNﬁSTFNsslsAM9psNA,ID)

—

.yFPSyLsMAXa]D9TFX9

A9X9NaT]sT]P9DsGU9PY9Y9I995

Z9A9GA9T19T]p9

P Lai

m D DO W

— e
W N

14
15
16
17
18
19
20

9]
e

22
23
o4
25
24
27
28
29
3¢

N D> B

[ T T s T I 1 |
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11

—
SVERN]

14

15

L=3
IF (IFXeNFe1) GO TN 2>
I1SP=1SpP-]

CALL USFR (ZsAsNADSGASXsNsTEO)
IF (ISP.GF.0) GO TN 6

AMN=A (1)

R1)=A(1)=-51

DN & T=714NAN

AMN=AMAX]T (AMNsA(T))
B(I)=A(1)=-SI

CONTINUE

CALL LPORY (N,AsNAaGA,GUaUsTl9T]P9P9519AM9[D90)
IFN=TFN+1

AMS=AM4+S]

IF (IPeGFe0) WRTTF (6427) AMS
TF (TSP.GFC) GO TO 7

IF (ABS((AMN=AMS)/AMN) LFe0N.001) GO TO 7
KO=p

GN TO 23

IF (IFC.EQ.I.AND.NO.EQ.]-AND.AMS.GT.O-) GO TO 21
NO=NO+1

IF (NOJGTNOM) GO TN 20

K=0

SV:OO

DO 9 TI=14NA

J=ID(I)

IF (AMJLTeGe) GA TO 8

IF (AlJ)elFeOe) GO TO O

K=K+1

ID(K)=y

VIK)=T1P(J)Y/T1( )
SV=SV+VI(K)

CONTINUE

SIN=51

SI1=C,

NO 10 T1=1.K

VI(I)=VI(1)/SV

J=ID(T)
ST=ST+VI(I)*(A(J)+STN)
CONTINUF

DO 11 I=1,sN

FPSIT)=FPS(1)%0,1

CONTINUE

I[F (IPeGFad)) WRITFE (6+25) SI
ITF ((AM+STN=-ST)4LLF4.FTA) GO TO 19
IF (TSP4GT.0) GO TN 14

IF (TSPl T0) GO TN 13

DN 12 T=14NAD

R(T)Y=A(T)

CONTINUF

IF (AMeGTeDe) GO TO 16
AT==ABS(STIO*0401)

IF (AMJGE.AT) GO To 17

DO 15 T=14NAD

IN(T)Y=1

CONTITMUF

NA=NAND

GO TN 4

19

cc

6C
61
62
63
64
A5
A6
67
68
69
70
71
72
73
T4
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89

an

91

92

93

94

Q5

96

Q7

98

99
100
101
102
1073
104
1065
106
107
108
109
110

111
112

113
114
115
116



1A
17

18

11

2N

21

72
22

24
7?8

26

27
22

—

AT
J=

DN 18 I=1sNAD

IF (R(I)eLFeAT)Y GN TO 18
J=J+1

ID(UY=1

CONTIMUE

NA=

GO TO 4

KO=1

GO T 273

vn=3

o Tno 23

KN=4

Gn TN 23

KkN=0

IF (IPeGELO) CALL OUTPUT
RPFTURN

SR

O

FORMAT (1H( s 4 7THNUMBER OF FUNCT
FORMAT (1HO s 46 HARTIFICTAL MARG

)

FORMAT (1HU9]7H0PTIMIZATION9]%9/;]6H
5HFUN(T99X9QHORJF(TTVF96X98HVAQ
FORMAT (1HO s A2HCURRENT MAXIMUM FUMCTTON

FOARPMAT (1HT)
FaD

(NsXsUsGUaKO’IFN)

IONS FOR THE NEXT
IN FOR THE NEXT OPTIMIZATION

TARLF ¢ 7X s 8HG

20

OPTIMIZATION =,15)
=4F 168

o/ 95H ITER 93X

PADTFNT /)
:’F16083

117
118
119
1720
121
127
1723
174
179
176
127
177
1729
1327
131
122
137
134
135
136
137
138
13@
140
141
142
147
144
145
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SURPAUT 1M . DNy (N,/\,'\,I/\9GI\,GUonT] 9T]P9D9ST9A\49Iﬁ9]G) 1
THIS SURROQUT INF FORMULATFS THE LEAST PTH OBJECTIVF, 3
, ‘ A

DIMENSTAN A1)y GA(NGTY, GU1Ye T10(1y, TIP(1), INC1) 5
6

J=T1n(1) . 7
ALI)V=A( Y= 3
AM=A( ) 9
DA 1 T=D4NA 10
J=ID(]) 11
ACI)Y=A(U)Y=5T 12
/\N:/\“/\X](ﬁ“‘/ls/‘(\])) 12
CAMTINMF 14
I[F (AMNF L 04) A TA a 15
A2 T=14Mmn 16
J=TIN(T1) 17
MO =AY =1 0F=10 189
CONTINUF 19
AM=AM_Y JE_1n 20
PO=CTONM (P, AL 21
'-,]:—.ﬂv. . 2?2
NACE 11 40A 23
J=T1n(T1) 24
IF (AMi1TeCu) 60 T~ ¢4 25
TE (A () el FeNe) rn Th = 25
T1(U)Y=A(g) /AmM 57
T1P(J)=T1(J)**DD 28
Q1:¢1+TTD(J) 23
COAMT AN IE 29
S2=C1%%(1,/0DP) 21
“:/\M*‘Q‘? . 2P
IF (TGFNn ") RPETURN 23
NA e T=1,n 34
$2=0, ' 25
D7 J=1eNn 36
=10 () ' 27
TF (/\N.|_T.(}.) ~N TN A 2R
TP (rlterLman,y An 1A 7 29
T2ECRATIP(Y ) /T AN (Tar) 40
COANTTINLIF 4
ClI(T)y=c2/€1necn 42
COMTIMIF 43
PETIIRM 44

N 45~



/1

22
ayunprAUT IMNE ANCHY (USCD.SosA,MA.CAqxsmng9T1990,ﬁ,PY-Y-ID-SYsTFNsIﬁ
)

THTS qunROUTINF CHFCKS THE PERTVATIVES Py NUMFERTCAL DFRTUR“ATION.

NIMENSTON P (1) ALY GA(NsT) o x(1)s T1C1)0 T1P(1) AL1)s PY(1 )
Y1), DL

-

calL USFR (5P,A9NA9@A9X9“!ID9])
cAaLL LporJ (NsAsNAsGA’GaUeTl9T1P9995]9AM91D,1)
nn 1 I=1sN

7=X(T1)

DVLX=1.V—R*X(T)

1 (An'C(X(I\)o‘Towor—-‘n\ F\.F‘_X-_-‘\.l'-'_‘\.(\
X(T)T7+“CLX

CALL 'JSFR (qp’ﬁoNﬁ9CA9X9NsTn90\

CALL LpPNRY (M‘A9MAQGAQPY9F7ST1‘T‘PQP’S"AMQYD9O)
X(T)=7—DCLX

CALL USFPR (Rn,n,mﬂ,na,x.w,yn,n)

cALL LpnRy (NQA’NAscAsPYarlsT]~T1p9p9519AM9Th90\
Y(I)=O.R%(F7—F1)/nFLX

x(1y=2

rﬂMTTMUF

TFN=TF'\‘+T+»‘~'§+N

Yo N T=1eM

TF (AWS(Y(Y)?.IT.\.E—ﬂp) Y(T)=‘.C—?“
1F (Anﬁ(f(T)).LToW.F~7Q) G(I)=\-F—70
DY(I)=ADF((Y(T)—G(Y))/Y(T))*]ﬂﬁ.
cANTTMUF

1F (IDoLT.O) o TR

WP TTFE (FohR)

Wl TF (5,7)

WOTTHE (Ae?) (TsX(T\9T=19M)

WRTTE (AeM)
SWRTTE (A1) (G(T)sY(T)sPY(T)sT'—"\ N
nn 4 1=1sN

TF (DY(I).ﬁT,10.) G TN 5

FANMT TMUFR

e (TPa0Te0) e TTr (A1)

DFTUQ"‘

Wl TE (£417)

chrlL rx1T

et AT (THT)

cnnMAT (ex,lﬁﬂnoﬁﬁIFNTc (HF(KTMG,/o6Xa19H-'—~ —————————————— o/ /96X s
WRﬁUCPADTFMTC pAyE PEEN CHICKFD AT THF FOLLOWTNG POINT /)

ARt AT (1:”7(-7“)((nT?s?H)“—‘sF'\FaoQ)

FAntAT (///-FX,?OHA”ALYTYCAL GWAPT:NT59GX91”HMH”FPTCAL FRARTENTSS T
1X9]ﬂ“DFQC“NTAC¢ renRnRs /)

FAntAT (6X9r16.99°X9F]3.99°XsF16.9)

gAn AT (//.Ax,wﬁunDAhICMTQ ARF Ng Ko

CARAT (/76X apaHYOUR PRACRAM HAS PEFN TERMINATER PECALIST ARADTANT
te ART TN(hGQF(T,/gAX9?1HDLFﬂSF curFcvw 1T AGATND

D

10

1

17 .

11
AR
16
16
17
172
19
2

o1

272
2h
o5
oS
-~
2
~Q
ok

Qr

RSN NS TS B

~
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SURRAUT INF QUTPUT (NsXoUsCUsKOsTEN)

THIS SURRAUTINES NUTPUTS THE APT[vum SOLUTIAN AR THE CURRENT
FESTTIMATE,

DIMENSTAN X(1), ali()

IF (KO.Ew.U.QQ.KO.FQ.?.QQoKOoEQ.?.OR-KOOEQoQ) WRITE (6,42)
IF (KNaFNel) WRTITF (697)

WRTTFE (Ag4) (!

DN T T=1 40

WRTTFE (ARsR) ToX{T)eToery(T1)

COMTTMUF

WRTTE (Aeh)Y I

IF (VNegmNeD) WRITFE (547)

IF (¥NeFNe3) WPITF (5s2)

IFE (vneFngy) wolTr (AeN)

NETDA
FORMAT (1TH1 318X, 28HREC LT AT LAST TTFRATION,/ 316X P 8o e e
Lt . )

FCRMAT (THT 5 T1X533HFOLLOWING IS THE OPTIMyUV SOLUTION, /412X ,33H——~-
e e ___ )

FORMAT (1“‘91‘X977H09JFCTIVF FUMATTION () =4 1648, /)

FARMAT (RX;?HX(9179?H)=9F76.R91X9?HGU(,I?s?H)=9F16.°)

FAPMAT (1HO s BY 5 22HNUMRER AR FUMCTINN FyAl UATTIANC, SRR

FOPMAT (THL 38X 4 40HSCHEME FAp REDCTINN OF N MPRFpR AF FUNCTTIANG EATL
15)

FORMAT (1HG 32X 3 R2HMAX T MM PERMISSIBLE NUMRFR OF CPTIMIZATIONS FxCF
TFNERY

FARMAT (1THO 3B X s 4OHNN SOLUTTION PRSSIRLF FOR THE GIVFN SPECIFICATTION
5)

=INT
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24

CUanAUTINE VACan (USFRsNsXsFsfsHslsDFNsFPSsMONF s MAXENS TRPRINT S TEXTT
yGDsAsGAsT]aTIPsNOS TFNSSTsAMIPaNASTD)

TuTS SUAPAUTINE MINIMIZFS A FUNCTTON RY QUAST-NFWTOR METHON

PEAY X(1)9G(1),H(1),W(1)9FDS(1)9§P(1)9A(1)sﬁﬁ(N91)9T](1)9T10(1)’ID

(G

IE (NDJNF1) &0 TO 1
1TMN=0

COANTTMIIE

MO =N

AT =N T

MM =N3END /D

TS=N

TU=n

TV=N4N

TR=TV+M

TEXTT=0

IF (MANFeFN.2) 6N T 7
Ir (MADFFNe2) 0 TN 4
T =N+

a2 T=1,eN

nA D =1l

1)=1J-1

HTJ) ="

COMTTINUF

H(IJ)=10

CANT T MUE

~n TN 7

CONTINUFE

T\J:"

N A T=2eM
7=H(TJ)

TF (76l Foale) RETURN
IINERINER

'.r']:]‘J

nA A =T8N
77=1010)

(T g)y=HT.N /7
Jv=1J

Tv=11

ot =T,

K = W NP

ey = vy T ) 77
Tv=Tv+1

COANT T NUIT
TJ=T.1+1

IF (H{T 1) el.Melle) PFTUNN
CANT T AE

Tg=nP

Y\RRTP\‘—_—‘,(“)

nNA 0 T =DM

T (T J)enFaPMTRY a0 TO 8

AR TR (T

T =T 1+ND-T

15 (MMM Fefe) ROTURN

7=F

CALL UIGER (CNaAgNASCASXoNsTRaT)

bt & W

DO 0 D PN

PR
)

o
SO0\

PR
-

N

S

D I T R e I
50)

N ACESEENERN RN
0 [$ N1 IS IEUV RN B

J
0~

D
9

§s)
D

o



1N

12

1”2

1/

1A

CcALL LR ) (“9/\9M/\qnl\9G9FOT19T1P9P95T9/\N91D01)

TFM=TIMM4

N =NEA

TF (NFNGFNGTC )
IF (DFNgL Talla)
IF (DFelLFeCa)
CANTINUYF

n
N
nF

N

,S(OF&F)

IF (TPRINT..FeN) GA TN 1IN

TF (MAD(TTH S TPRTNT) JHF N

DRINT 228, TTN,TFN,
CONTIMNUE

TTM=T TN+
WT)==0(01)

DO 12 T=24N

rJ)=T1
T1=1-1
7==0G(1)

nA 1Y g=1.1
7=7-H{TJ)y*W())
Td=TJ+NM—
CANTINUFE

WT)=2Z

CANTTNLIF .
WETSHMYy=W (M) /H{NM)
T )=NN

nA 14 T=1M1
T)=TJ-1

7=0,

PN 13 =11

7=7+H{TIY#¥WTS+HNP=))

Tg=T.)-1
CANTIMUIE

WETSHN_T Yy =W (N=T ) /H(T J)=7

CAMTINUF

RS=N,

NATE 1T=1 4N
FE=CSHW(TC+T YA (T)
CAMTINLUIF

TEXTT=2

T (f',f;.",r"f).\ A TN 27

ren=rc
Al PHA =7 ,%¥NF /RS

TF (A DHACT1,) A DHAZT,

nNE-rC
TﬁT:On

(anymﬂC

YF){YT:"

TE (TFNGEN MAXFEN )
TCnm=N

YFYYT=1

NAC17 T=1eM
7=ALPHARW(TS+T)

TF (ARS(Z)eNF4FPS(T}))

X(TYy=X(T1Y+7
CANTTNLIE

CALL LIEFD (CP e AGNA GAA XN TR, 1)
CALL 1PAR ] (Mo AsMASAA s aFY s T1aTIPsP e ST sAMeIN,T)

TEN=TFN+

N TN 27

A TN N
FolIX{T)aG(T))4T=1,N)

TCON=

1211

25

A0
61
62
63
b4

-
a
[o 9]

(S
&7
an
0
70
71
77
72
74
75
74
77
79
79
an
81
Q2
R2
R/
25
ah
87
28
£9
2}
g
~2
ov2
":C
Y3
=7
na
AN
110
Taq
170
1/‘7
i’ﬂ
1M8
1n4
177
1rQ
179
110
111
112
1113
114
118
116
117



10

21

2?2

DA

AYS=0"4

nA 192 T=1eN
AVE=AVSHW (T)*¥W (TS+T)

FANT TMLIF

TE (FYGFFY ~n TN 19

IF (APS(GYS/AST) (LF.e®) GO TO 21
IF (GYSeCGTelle) RN TO 19
TAT=TOT+ALPHA

7'—‘100 .
TF (ASel TeYS) 7=0YS/(AS=GYS)
TF (7eGTo10e) 7=10

Al PHA=AL PHART

F=FY

GS=GYS

~n TN 16

CFAMTTNLFE

NnA 20 T=1eN
X(T)=X(1)Y=ALPHA®W(TIS+T)
FAMTTNLE

TE (1C0AN,FR Ny AN TN 27
2:1.*(F—FY}/A|DHA+CY£+GS
77=CART(7¥¥2-GSXAYE)
7:1.—(cY§+Z7—7)/(7.*77+GV<—G¢)
ALPHA=A| PHAX?7

~n T 14

CAMTTNUF

A _PHA=TATHALPHA

F=FY

IF (ICANGFNeN) ~n TN 28
NE=NF -

NES=rYS=-GS0

L Thr=]

TE (NECHA| PHAXGSCeGTeNe) G TO 272
NN 272 T=1sN

WETU+TY=W(T)=C(T)

CANT TMUF

C1G=1e/(ALPHAXDGES)

rno TN 2N

CANT T MU
77=A‘DHA/(DGC—A1nHA%RQO)
7=NC%77 -1

nNA 240 T=1eN
WTHATYy=7%0 0T Y4+ T)

cAMTINUFR

CyA=1 o/ (77%#NESERD)

A TN 2an

FAMT T NIE

| T =2

NN DA T=1eM

WTUHTY=GLT)

COMTTNMUE

IF (NCOH+A| DHARGSN (AT 0 ) 6N TN 27
CTR:W./ﬁCﬂ

~A TN AN

CANTTMUE

C1G==77

N T AN

CcANTINUFE

26

§ bed 1 Y N

-3 d d d
‘\, —
>INV <]

21
122

124
125
1726A
127 .
178
172G
137
1217
122
1??
134
135
136
137
138
129
'][;r\:
141
1472
1473
1406
145
146
147
148
149
180
187
157
1573
154
157
15¢
1R
16¢
15¢
167
167
16,
1
1A
16
16
164
16,
16
17
17
17
17
17

17



21

27

2/

ar

~

o le}
20
nn
41

W2

nA 20 T=1N

ey =i

FANT TMUFE

~rAn TN O

CAMTTNMUIF
WTVET Y =W (TU+T)

nA 22 T=2 4N

TJ=T1

T1=1-1

Z=W{TU+T)

nA 21 =111
7=7-=H(T ¥ (TV+]))
T)=T0+N=]

CANTTNUF

WTV+TY=7

CANTTNUIF

TJ=1

N 22 T=1 oM
7=H(TJ)+§TC*N(TV+T)**?
TE (74l FeNe) 7=NMTN
IF (7eLToDPMIN) DMIN=Z
LT =7
W(T”+T)=W(TV+T)*STﬂ/7
CTA=GTA-W(TR+T)#xDx7
T)=TJ+NP-T

COANTTMUE

T =1

NA 2y T=1 M7

1J=TJ+1

T1=T+1

nn 24 J=T11-MN

WTU+J) =W TU+ ) =T )= TV+T)

H(TJ)=H(IJ)+W(TQ+T)*W(
Ty=TJ481

AR TR (PR eDQ), | TRV
CAMTINMUF

N 24 T=7 6N
AETY=R0T)
CANTTINUE
CANTINUF

TU+J)

TE (1PPTNT,.1 ToNY PETURNM

NP TMT 29, TTMansto((Y(T),G(T)\,Y:?.N)

poInT 20, TFEXTT

TE (TEXTT.FNGTY PRINMT
TE (TFXTT.5N.2?) PRINT
TE (TFXTT,5MNe?) PR INT
NETLIPN

cOARMAT (TH -Yh9QX3YA9AX-p1A.591XQRO(F140691X9F1AOAQ/QQ°X))

EAPMAT (THO S THIFEXTT =
FARPMAT  ((THO o TTHINARMAL

FARMAT (1HO s 20HFDPS T5 PRANARLY SFT Ton SMALL)
EAPMAT (1HT B THPFRMISSTRLE NUMRFR NOF FUNCTIONM
1)

EAD

L0
78
4H?

T8
FXTT)

FVALUATTONS

FXCFEDED












