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Abstract FLOPT2 is a package of subroutines primarily for solving least
pth optimization problems. Its main features include Fletcher's quasi-
Newton subroutine, a least pth objective formulation subroutine, an
extrapolation procedure and a scheme for dropping inactive functions.
With appropriate utilization of these features, the program can solve a
wide variety of optimization problems. These may range from unconstrain-
ed problems, problems subject to inequality or equality constraints to
nonlinear minimax approximation problems. In solving constrained problems,
the user may, for example, use the Fiacco-McCormick method with extra-
polation or the Bandler-Charalambous minimax formulation and least pth
approximation, also with extrapolation. The program has been used on a
CDC 6400 computer. Several examples of varying complexity are used to
illustrate the versatility of the program. A FORTRAN IV listing is

included.
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I. INTRODUCTION

FLOPT2 is a package of subroutines primarily for solving least pth
optimization problems. Its main features include the 1972 version of
Fletcher's quasi-Newton subroutine [1], a least pth objective formulation
subroutine, an extrapolation procedure and a scheme for dropping inactive.
functions [2]. With appropriate utiliiation of these features, the pro-
gram can solve a wide variety of optimization problems. These may range
from unconstrained problems, problems subject to inequality/equality con-
straints to minimax problems in general.

In solving constrained problems, the user may use the Fiacco-McCormick
method with extrapolation [3] or use the Bandler-Charalambous minimax
formulation [4] and least pth approximation. Using the p-algorithm [2],
the program solves minimax problems that can be formulated with a least
pth objective.

The program FLOPT2 is an improved version of the program FLOPT1 [5].
It may functionally replace the program FLNLP2 [6]. The program has been
- used on a CDC 6400 computer and is written in FORTRAN IV. It requires
at least 4,630 octal words of computer memory. Severél examples of
varying complexity are used to illustrate the versatility of the program.
Up to 150 functions can be currently handled.

II. ARGUMENT LIST .
- SUBROUTINE FLOPT2 (N, M, IGK, X, G, H, W, EPS,'XE,AIH, IK, FACTOR,
XB, IFINIS, NR)
The arguments are as follows.
N An integer to be set to the number of variables (N > 2).
M An integer to be set fo 1 if input data is to be read.

Otherwise, set to zero.



IGK

H

W

EPS

XE

IH

IK

(93]

An integer to be set to 1 if a gradient check by perturbation
is desired. Otherwise, set to any other value. Also, gradient
check is not performed when input data is not read.

A real array of N elements in which the current estimate of
the solution is stored. An initial approximation must be set
in X on entry. When the extrapolation procedure is used, an
estimate of the next minimum in the sequence will be stored on
exit of each cycle of optimization.

A real array of N elements in which the gradient vector
corresponding to X above will be returned. When the extra-
polation procedure is used, the optimal solution of each cycle
of optimization will be returned in G on exit.

A real array of N*(N+1)/2 elements in which an estimate of the
Hessian matrix is stored.

A real array of 4*N elements used as working space.

A real array of N elements to be set to the test quantities

used in Fletcher's program.

A real array of NxIKx(JORDER+1) elements in which different
orders of estimates of the minimax solution are stored when
extrapolation is used.

An integer to be set to 1 if a single valué of p is used. When
a sequence of p values is used, IH should be set as the index of
a DO loop that calls SUBROUTINE FLOPT2 IK times.

An intcgcf to be set to the maximum number of cycles of optimi-
zation. It corresponds to the number of p values when extra-

polation is used.



FACTOR

XB

IFINIS

NR

To be defined in Section III.

A real array of N elements in which the best estimate of the
minimax solution currently available is stored.

An integer whose value will be equal to N when the convergence
criterion for the estimates of the minimax solution is met.

An integer to be set to the total humber of error functionms.
When the least pth objective formulation is NOT used, it

should be set to 1.
III. INPUT DATA

Parameters to be supplied as input data are defined as follows.

MAX

IPT

ID

IREDU

EST

ETA

PO

An integer to be set to the maximum number of iterations
allowed.

An integer controlling printing of intermediate output.
Printing occurs every |IPT| iterations and also on exit except
when IPT is set to zefo in which case intermediate output is
suppressed.

An integer to Bé set to 1 if input data ié to be printed.
Otherwise, set to zero.

An integer to be set to 1 if the scheme for dropping inactive
functions is used; otherwise set to zero.

A real number.to be set to the estimated minimum value of the
objective function.

A positive real number to be set to the multiplier tolerance
for dropping inactive functions.

A recal number to be set to the value of p used in the least
pth formulation or the initial value of p when a sequence of p

values 1is uscd.



FACTOR A positive real number to be set to the multiplying factor for
p when a sequence of p values is used together with extrapolation;
otherwise set to 1. When extrapolation is used with the Fiacco—
McCormick method, it is the factor by which the sequence of r
is decreased.

X(1) Starting values for the variables XpsXgseee, X defined

in Section II.

EPS(I) As defined in Section II.
I=1,N

IEX An integer to be éet to 1 if the extrapolation procedure is
used; otherwise Set to zero.
JORDER An integer to be set to the highest order of estimates used

in extrapolation (JORDER < IK-1); otherwise set to zero.

JPRINT An integer controliing printing of'results of the extrapolation
procedure and‘the reduction scheme. If JPRINT is set to:

0 nothing will be‘prinfed,

1 the estimates of the minimax solution and the error
funcfions at the highest order estimate will be printed,

2 in addition to the above printout, multipliers and
normalized errors at the next estimated least pth solution
will be printed (except when IH=IK, which indicates the
finai‘optimization).

The input data is to be read in the following format:

CARD No. FORMAT PARAMETERS

1 415 MAX, IPT, ID, IREDU
2 ' 5116.8 EST, ETA, PO, FACTOR

As many as

required 5L16.8 » X(I){ I=1,N



CARD No. FORMAT - PARAMETERS
As many as ' _
required SE16.8 V E?S(I), I=1,N

Last ' _ 415 ~ IEX, JORDER, JPRINT

IV. USER SUBROUTINES

The user has to supply the main program and a subroutine célled
FUNCT which defines the error functions and their first partial derivatives
with respect to the variable parameters. If the least pth formulation is
not used, the objective function also has to be defined.

In the main program, the user has to supply the values and proper
dimensioning for the parameters in the argument list of subroutine FLOPT2.
In using the extrapolation feature, the subroutine FLOPT2 has to be called

a number of times. This may be done, for example, by

DO 1 IH = 1, IK
CALL FLOPT2 (N, M, IGK, X, G, H, W, EPS, XE, IH, IK, FACTOR, XB,
1 IFINIS, NR)

M=20

1 CONTINUE



Depending on the objective formulations and options used, the sub-
routine FUNCT may assume different forms. Here, we present its form when
a least pth objective formulation aﬁd the reduction scheme are used:

SUBROUTINE FUNCT (X,G,U)
DIMENSION X(N), G(N), ER(NR), GE(N,NR), ES(NR)
COMMON/WY3/NA, JD(150)
where
N .is the number of independent variables Xs
NR is the total number of error functions,
NA is the number of active error functions
(determined automatically by the program),
JD is an integer array used as an index set
(set automatically by the program).
DO 99 I =1, NA
K = JD(I)
GO T0 (1,2,...,NR), K
1 ER(1) = el(xl,xz,...,x )

n
GE(1,1)

n

partial derivative of ey W.r.t. x;

1

GE(N,1) = partial derivative of e, w.r.t. X

GO TO 99

2 ER(2) = ez(xl,xz,...,xn)

GE(1,2) = partial derivative of e, w.T.t. Xy



GE(N,2) = partial derivative of e, w.r.t. x

n
GO TO 99
3
NR ER(NR) = eNR(xl,xz,...,xn)
GE(1,NR) = partial derivative of eyr Wer-te X
GE(N,NR) = partial derivative of eNR w.r.t. X,
99 CONTINUE

CALL LEASTP (N, U, G, ER, GE, ES)

RETURN |

END
The LEASTP subroutine will formulate the objective function U and its
first partial derivatives (stored in array G). It should be noted that
the error functions may be defined in another subprogram which is called
by subroutine FUNCT (see Example 5 in Section VI). The minimal form of

subroutine FUNCT can be found in Example 1.

V. OTHER SUBROUTINES
The following is a brief description of the subroutines called
by FLOPT2.
LEASTP formulates a least pth objective function and the necessary

gradients.



GRDCHK checks the gradient formulation by perturbation.

QUASIN minimizes a function using the Fletcher unconstrained
minimization program by quési—Newton methods.

RESULT outputs the optimal solution.

EXTRAP performs extrapolation.

The overall structure of the program is shown in Fig. 1.

VI. EXAMPLES

An unconstrained problem, two constrained problems, a minimax
example and a microwave circuit example are used to illustrate the flexi-
bility and power of the program. For each example, the main program, the
subroutine FUNCT and the necessary input data are illustrated. The initial
estimate of the Hessian matrix (required in Fletcher's program) was set to
the unit matrix for the first optimization. In subsequent optimizations,
the Hessian matrix estimated at the previous minimum was used.- For all
examples, the test quantities (EPS (I), I = 1,...,N) were 1078,

Example 1: Rosenbrock's function [7]

Minimize

D% - xp2

The function has a minimum value of zero at Xy = X, = 1. The starting

u =100 (xf - X

1= -1.2, X, = .1.0.

A listing of the main program, subroutine FUNCT, input data and

point used was x

final results are given in Figs. 2-3. Note that the least pth formulation
was not used and therc was no extrapolation or reduction scheme (NR, IEX
and IREDU were set to 1, 0 and 0, respectively). The subroutine FUNCT

1s shown in its simplest possible form.
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1

FLOPT2

GRDCHK

|

EXTRAP

QUASIN

RESULT

LEASTP

FUNCT

Fig. 1 Overall structure of FLOPTZ. -




peAcn At TST (TMDUT snUTPUT o TARPES=TNPUT s TARPFA=NUTDUT)

MATAN DDAARAM NF EXAVPLE

NIMEMSTNAN X{2) e (2) sk (24w (0)sFDS(2)eX2(2)sXE(20147)

N=D
NP =
M=
TGk =1
TH=1
Tw=1

CALL. FLOPT 2 (MM TG o X aGaH oW aFPS s XF o TH TK s FACTAR s XRs TFTNTGHNRY)

<TAD
END

SURRQUTINF FUNCT(XeGosll))
ROSFNRRNACK IS FUNCTINN

DIMENSTON X(2)sG(2)
A=X(1)*X(1)

B=A-X(2)

C=1.0-X(1)

THE ORJFCTIVE FUNCTION
U=100e*R#R+Cx%C
GRADTEMTS

GE1)=400,#X (1) % {A=X(2))=C-C

G(2)==200,%R
PFTURN
END

INPUT DATA

8 1 0
Oe
1.0
8leF—
0 0

Fig. 2 Main program and subroutine FUNCT for Example 1.
Input data is also shown.
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INTERMEDTATE PRIMTOUT AT EVERY IPT ITERATICASseessesaIPT = o)
STARTING VALUE FoR VECTCR :7\(I)‘o......-ooo-.go‘cn,.-ox( 1) = "‘.12000000E-¢O
B o . 21 = | )
TEST CUANTITIES TC BF USFCeceosocscevsssonssesssescPS( 1) = «100V0000E~D
| R EPS( 2) =  +10000000E=0
NI ZED e EST—=—0

OPTIMAL SOLLTICN FOUMD BY FLETCHER METHCD

L = «258T74638F=24
X 1) = «1000000CF+C1 G( 1) = =.76028073g~11
K R b b 0 R O E e — G2y a 42632664E=]]
NEMuER CF FUMCTTON EVALUVATIOHS = @7
= .12 1

FXZCUTIAN TIME IN SECONDS

Fig. 3 A record of the input data and final results for Example 1.



Example 2: Bcale constrained function [8]

Minimize

£(x) = 9-8x,-6x,-4x +2x2+2x§+x§+2x X, 42X, X

2 73771 172 77173
subject to
x. >0 , 1=1,2,3

3-x1-x2—2x3 > 0.

The function has a minimum f(x) = 1/9 at X = [4/3 7/9 4/9]T. The
SUMT method of Fiacco and McCormick [3] was used to transform the con-

strained problem into an unconstrained problem by defining

3
UQR,t) = £Qx) - T ] 1n g ().
i=1
The objective function U was minimized w.r.t. X for a strictly decreasing
sequence of r values together with extrapolation. The starting point
was . x = [1 2 1]? Fig. 4 shows a listing of the main program, subroutine
FUNCT and input data. A COMMON block named USER was used in the main
program and subroutine FUNCT to transfer the value of the parameter r, a
weighting factor WT ahd an indicator IGRAD. WT was used in the formulation
of the unconstrained objective function only when the process got into
the nonfeasible region. IGRAD is an indicator to control the printing of
the original objective funcfion and constraints at the extrapolated
solution which is available from the argument list of subroutine FLOPT2.
Note that the parameter r has to be decreased by the user in the main
program. The factor was available from the argument list. The reduction
scheme cannot be used in this exgmple.
With the sequence of r values 1072, 2x1073, 4x107%, 8x1073, 1.6x1075

and 3rd order extrapolation, it took 40 function evaluations to reach the
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PROGRAM TST (INPUT »NUTPUT s TAPFE=INPUTsTAPFA=OUTPUT)
MATMN PRAGRPAY OF FXAMPLFE D

NTIVENSTION X(2) 30 {2)sH{A) s (12)sFEPS(2)sXP(3)4XF (24844
CAMMON/JUSER /R eWT s IGPAN

M= 3

MDD =

M= 1

1GK =1

IK=6

WT=]eF+16

R=0401

NO 1 IH=1sIK

[GRAD=1

CALL FLOPTDO (N sMaTGK s X sGob sWsFDPSaXFoIHaIKsFACTORIXRSIFINTSaNR)
v =0

IGRAD=0

CALL FUMCTI(XR,GsU)

IF(IFINISSEQ«N) CALL FXIT

R=R/FACTOR

CONTINUE

STOP

FnD

SURROUTINF. FUNCT(XsGol)
BEALE FUNCTINM

NTMEMSTON X{(2) 4G (2)YsC{4)sGF ()3 (294)
COMMOM/USEFR/R ¢WT s TGRAD

P=X{1)+X(1)

N=X(2)+X(2)

E=X(2)+X(72) .
Fz0o+B# (X 1) +X(2)4X(2) =L )+D#(X(2) =2 )+ X (2)#X(2)-C=F
C(1)=X(1)

Cl{2)y=X(2)

C(3)=X(3)

Cl4)=3,=-X{1)=X(2)=-E

TFITGRAND.FN.D)Y 6N TN 1
GF(]1)==24+R+2+D+F

CR{2)==heo+N+N+R

GF(’%):—Z*'.'*'{%'*-F

CCl1s1)=1,

fCL241)=0,

GC(241)=0a

GC(1+2)=04

G290 ) =T .

A 2) =0,

TC(142)=0.

NP 4) =0,

T 7Y,

S O A

S P el ) ==

ﬂ((?-ﬂ)?“?.

-~ BRAY
1 b L]
-~ Y
o -
-~ o~ L)

T=1 44

T 0TI et TalelT=RY AN T Yy



1/,)

h e

76

11

S1=91=A OG(C(T))
11
A= HMTHCLTYRC(T)
cAMT NP
TN o S TR o IR,
R

m

=N

)

QZ.\.:\’\.

Do 11

IF

J=1+7

T=]94

(C(IVYelLTeleF=6)Y GO TO 18
S2=52-GC{JsT)/CI(I)

fhTo
Sa=5L+{T+WT)I*C (T I*¥GC(Js 1)
COMTINUE
CJ)=GF(J)+S2%*R+54
COMTINUF
RETURN
PRINT 2 (X{T)el=19s2)
FORPMAT(//7THE s %#SOLUTTION® 37X s2F 1662 )

17

DRINT 2,4F
EARMAT(#0NOJECTTVE EUNCT AN *¥951662)
PRIMNT 45(ClT)el=104)
FORMAT(%OCNONSTRATNTS ®¥94F1608)
RETIRN
END
IMDUT NDATA
5 1 0
NeN Ne 0 Se0
2.0 1.0
BleF— 81l.E~ 8
2 1
Fig. 4 Main program and subroutine FUNCT for Example 2.

Input data is also shown.
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following solution

f(x) = 0.1111111
X, = 1.3333333
Xy = 0.7777778
Xz = 0.4444445.
There was only one active constraint and its value was of the order of
10714, Fig. 5 shows the results obtained at the end of the 5th optimization;

Example 3: A minimax example [9]

Minimize the maximum of the following three functions
_ 2.4
e x) = x1*%,

(2-x1)2+(2-x2)2

e, (%)
e3(¥)

The minimax solution is defined by the functions e and e, at the pdint

2 exp(-x1+x2).

Xy = 1.13904, X,y 156 ° 1.95222 and e; = 1.57408.

Using the p-algorithm with p = 4, 16, 64, 256, 1024, 46 function evalu-

= 0.89956 where e

ations yielded x, = 1.1390346, x

1 = 0.8995623< All the three functions

2
were used in the initial objective formulation. The reduction‘scheme
reduced to the two active functions at thg end of the process. Fig. 6
shows the main program, the subroutine FUNCT and input data. Note that

in using the reduction scheme, the user has to supply a statement defining
the COMMON block WY3 in the subroutine FUNCT. A printout of the input
data is shown in Fig. 7. Fig. 8 shows the results obtained at the end

of the first optimization. Information to be used by the reduction scheme

is also shown. Intermediate and final estimates of the minimax solution

are shown in Fig. 9.



TEXIT = 1
CRITFFION FCR GPTIMUM (CHANGE LN VECYOR X o Te gPS) kS BEEN SATISFIED

OPTIVAL-SCLLIICON Foumnh Hy. fLEthEP _METHCD — . - SR —

L = «1111235CF+00G

XC 1) = .1333329Qg+01 G 1) = _=.22224C79E+03 . _
x( 2) = I TT7T7S48F+ 00 G( 2) = -,22224284E+09
x( 3) = 44446453 1F*00 0 Gl 3) = =e444488S7E+00

N -

er CF FULMCTION EVaLULATICNS
N EXECUTInn TTIME IN SECGNCS = .018

ESTiMaTES OF Thg WIAIMAX g(“,LUTIrm rY EXTRAFCLATION

ORDER TV B B -
X( 1) =  .13333333e4+01

XCp) = 7777777 7E+00

X( 3) = ,44444445F,00

ORDEP 7

X( 1) = 213333333401

XC 2) = L7777TT776E+GC

X( 3) = e 44446445E400

BREERS

X( 1) = 413333333g+01

X( 2) = J17777776E+00

X( 3) = 44444445€+00

scLuTTon L13333333E401  _TTTTITT6FLLG0 444444455400
OBJECTTIVE FLACTTIOM «11111111Fs00

CONSTRATNTS + 133333338401 o77777776F 400 0444444455400 7015670 =1

Fig. 5 Results for the Beale problem.
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AR AY TST (IMPUT oAUTPUT o TAPER-INPUT s TAPFA=NUTDYT)
GATN PDAGRAM NF FXAMDLE 3

DIMENSTAN X{2) G (2) sH{2) s W (R)sFDS{2) 3 XR(2) 9 XF(255,54)
R|:?

NI s p)

\1:1

1Gx=0

Tv=H

PO 1 TH=1 61K

CALL FLNPT2(MaMa TG sXsGoHsWaFDPSsXFosIHsTKsFACTARSXRHSTFINTISsNR)
IFITIFINTSeFNaNY CALL FXIT

=0

COMTINYF

STND

':!\|D

SURROUTINE FUNCT(XsGsU)
A MINIMAX EXAMPLE

NIMENSTINON X(2)eG(2)osFR(2)4GF(243) FS(2)
CAMMAN WY 2 /MA S IN(T5R0)

N=2

Y1=X({1)*X{1)

Y2=X(2)%#X(2)

V2=X(1)1+X(1)

YhzX{2)+X(2)

NA1D T=14NMA

=" (T)

GO TO (1e292) ok
FO(1)Y=Y14+YO%Y2

GF({1,1)=Y"
GE(291)=(Y2+Y2)%YY

N Tn 12
ER{2)=Re=A ¥ (X(1)+X(2))LY1+Y?2
GE(l192)=—ble+¥YR :
GF(D2e?2)=~ba+Y4

N TN 12

ER () =24 %¥FXP(=X{1)+X(2))

AT (13 )==FR (1)
GF(2+3)Y=FR(3)

CONTINUE

CALL LEASTPINIUsGsFRsGF +FS)
DTTHRN

Ean

TAOUT DATA

{EN 1 1
n,Nnng L0 L0
a0
L]
07 4F - Q
2 2

Fig. 6 Main program and subroutinc FUNCT for Example 3.
[Input data is also shown.
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ITNPUT DATA

D 95 T me s G =

o

"NBM%PW%%%M%LES.l’...""'.l.-"’"""""'\' -

MAXIMUM nNEMEER CF ALLCWARLE ITEFATTCNS.-....-l-o-oo-.NAx = 106G

INTERMEDIATE FRINTOUT AT EVERY IPT ITERATICRSesesseeesIPT = 1¢
STARTING VALUE FNR VECTCR X(I)evessacesasnssesnaseax( 1) = 420000000640
’ X( 2) = .26000000E+0)
TEST QUANTITIES TC RF USEDesecoecoosecsccscsansseesbPS( 1) = «10000000CE=0"
——EPSt2 1060080650
ESTI,V,;\T; CF LOWER BOUND QF FUNCTION TO «E MINIMIZED-.\EST = 0. N
HIGHFST ORDER OF ESTIMATES ULSED IN EXTRAPOLATION.eJORDER = 3

MULTIFLIFR TCLERANCE FOR URCPPING F(NCTIONS,veeeaseeasfTA =  o50000000E=0:

Fig. 7 Input data for the minimax example.
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IEXIT = 1|
CRITERKION FCR CPTIMUM (CHANGE IN VECTOR X .1 Te EPS) HAS BEEN SATISFIFED

T OPTIFMAL SGLLTICK FOUMG 9Y FLETCHER METHOD

OO A G OGS g A WS S TR R SO NS gy ED G G e PN TD gy T VR T G G SR W e B0 e W an PP SR e e

L o= 2400330427 +01

BNV = U164 297E+UL
ENC 1) = L 34621380E+00
EN( 7)) = 2108000005 +01L

EN( 3) = «58198002F+00
xC 1) = «12008090E+01 G 1) = <=.24628389E~07
X( 7)) = L,82A238537F 400 Gl 2) = .54009946E~07

LMBER CF FUMCTION EVALLATICNS = 13

u

VALUE oF THE PARAMETER P  +40000000E+01
EXECUTINN TIME IN SECONDS « 058

MULTIPLIERS AND NCRMALIZEC ERRORS AT THE ABGVE SOLUTICN

EN = .20164297E+01 |
MUC Y1) = 39724138 ENC 1) = .94621380
MUC 2) = .49554128  ENC 20 = 1.00000000 -
MUC 3) = ,10719733 ENC 3) = .68198003

NUMEER OF ERROR FUNCTIONS FCR THE NEXT CPTINMIZATION = 3

Fig. 8 Resultsat the end of the first optimization .



ORDE®
X0 1)
x( g)

ORDEr
X i)
Xt 2)

t

§

it

1
«113617326F+01

fFHYRP2LTHE+ Y

21.

AV

o 11370098FE+01
«50117757R 400

CCRRESPOMIING NORMALIZED ERKOKS

ENV = »19523318E+01
ENC 1) = 1.00000000
ENC ?) = ¢89991343
EnC 3) = «80U919973
MULTIPLTFERS AND #CRMALIZED ERRORS FCcR ThE NEXT ESTIFATED
~—LEAST-PTH—SEEUTIoN
Ev = «19531062F+01
MU 1) = .48334550 EnC 1) = .99855927
MU 2) = .51665387 ENC 2) = 1.00000000
MU= S te63 3= 86633931

NL‘:"‘.}}E Q

OF E~~OR FUNCTIONS FCR THE MeXT Q

PTIMIZATION = 2

ESTIMATES OF THE MIN[MAA SOLUTICN Ry EXTRAPALATION ;

— --v—mﬁwww——

ORDER 1
1) = ”M:ii3965785¢dLWM
Xt z) = «89955997E+( 1 :
ORDEP 2 i
X( 1) = 411390377E+01 ;
X( ¢) =  .89955990E+00 ?
ORDEF 3
X( 1) = «11390346E+01
X( 2) = eHGY958228F 40y
CCRKESPOMDING NCOMAITZEDL ERKOKS

FV = «19522246FE+01
ENC 1Y = RO PIty S S
ENC 7)) = 1.u0523000

Fig. 9 Intermediate and final solutions for the minimax example.



Example 4: Rosen-Suzuki function [8]

Minimize
2,22 2
f(&) = x1+x2+2x3 X,- Sx -5x -21x3+7x4
subject to
-x2— 2-x2- 2 +x,48 > 0
17X X3 Xy "X X" 3"4
2 2 2 2
~x1—2x2 Xz~ 2x4+x1+x4+10 >0
2 2 2
—2x1—x2—x3 2x +x2+x4+5 > 0.
The function has a minimum f(%) = -44 at x = [0 1 2 ~1]T. The

Bandler-Charalambous technique was used to transform the nonlinear pfo~
gramming problem into an unconstrained minimax problem. The value ofb

thé parameter o was 10. Using the p-algorithm with p = 4, 12, 36, 108,
324, 972, 76 function evaluations yielded x; = 0.0000000, X, = 1.0000001,
Xg = 1.9999999, X, = -1.0000003. With the reduction scheme, only active
constraints were considered at the later stages of the process. A

listing of the main program, the subroutine FUNCT and input data is

shown in Fig. 10. As in the Beale problem, statements were added (in
subroutine FUNCT) to allow printing of the constraints at the extrapolated
solutions. Fig. 11 shows a printout of the input data. Fig. 12 shows

the final solution of the problem.

Example 5: A microwave circuit example

The design of a three-section 100-percent relative bandwidth 10:1
transmission-line transformer [10] is considered. In this case, we let
the crror functions e; be the modulus of the reflection coefficient sampled
at the 11 normalized frequencies (w.r.t. 1 GHz)

{0.s, 0.6, 0.7, 0.77, 0.9, 1.0, 1.1, 1.23, 1.3, 1.4, 1.5}.

Gradient vectors with respect to section lengths and characteristic impedances
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oonrR AN TST (IMPUT,AUTPUT s TAPFE= INDUT, TADFA=NUTPUT)
MATN PRNOGERAM AF FXAMPLE 4

NIMENSTAN X(4) oG (4) oM 101 sWT1AR) sFPS(4) s XR (4 ) s XF (L shstr)
CAMMAN/USFR/TIGRAD

N=¢4

NR =4

hﬂ:‘]

Trv=1

T¥ =6

DN 1 TH=1s1IK

TGPAD=1

CALL FLOPT2(MNsMsTGKsXsRoHsWsFNSsXF s THoTKsFArTORSXRs TFINTSsNR)
M=0

IGRAD=0

CALLl. FUNCT(XRsGsl))

TFIIFINISeENNMY CALL EXITT

CANTINUF

STOP

END

SURRPOUTINF FUNCT(XsGoll)
RASEM-SUZUKT FUNCTINN

DIMENSTON X{t0)sa (Yol (2)osRF (L)Yolir (Lo o FR{LYIGE (L) sFS(L)
COMMON/UUSER/ TGRAD
COAMMAN /WY 2 /NA, ID(168N)

NATA ALFA/10.0/

N=4

R=X(1)%X(1)

R=X(2}#X(2)

N=X({3)*X(R)

E=X(4)%X(4)

RR=X(1)1+X(1)

RR=X{2)+X(2)

DD=X(3)+X(3)

FE=X{4)Y+X(4)
F=R+RP+D+D+F =R ¢ # (X (1) +X(2) ) =21 %X (2)+T7 %X {4)
IF(IGRAND.FNN)Y GO TN §
GF(1)=RR-5,

GF(2)=RR-5,

GF(3)=DD+ND-21,

GF(4)=FF+7a

NN 9 T=1eNA

= IN(T1)

N TO (J1e293 94 )y K
C1)Y==P=RD=-F=X(1)+X(2)=X(2)+X(n )+,
FRIT)=F=ALFAC (1)
GC(141)==RR-7,

CO(?26e1)==RR+1.,

GO 1Y==ND-T,

GCl4e1)==Ft+1,

NN 11 U= o4

AE (T 1)Y= L NY=ALFAXGO( Jal)
CoNTINMUF

rnoTA 0
C(2)=m=P=R-R=T=F—F X (1) +X(L)+10,



Y

143

44

2

N

ER(2)=F=ALFAXC(2)
GI{1e2)=0GC(191)+7
G7Ti242)==RR=RP
CC(242)=GC(391)Y+1
GClLs2)V=-F"=FF+7,

NN 22 1=1 44
GF{Js2)=GF{J)=ALFA¥GC(Js2)
CANTINUIF

N TN Q
C(2)==P=B-R-D-BB+X(2)+X(&)+5.
FR(Z)=F-ALFAXC(2)
GCl1:3)=0CC(191)+=C (141
GC(243)=RC(21)
GC{2,2)=GC(39s1)+17

GC(4e3)=T7.

N 33 J=1e4
GF(Js3)=CF(J)=ALFA%GC(Js2)
CONTINUE

GO T~ 9

FR({4)=F

N 44 J=1e4

GF(Js4)=GF ()

CANTINUF

CONTIMUE

CALL LEASTP(MNsUUsGsFReGELFS)
PETURN
Cl1)==R=R=-D=F=X{1)+X(2)=X{2)+X(4)+R,
ClP)==R=P_R-N-F—F+X(1)+X(&)+10,
C(2)==R-P_R-N=-PR4X(D)+X (L )+5,.
PRINT A+ (X(T)aTl=194)
SORMATL//THO 9 #SOLUTINN® 37X s 4F1548)
DRIMNT 7sF

FARMAT (#0ONRJECTIVE FUNMCTTON *sFE16.8)
DRINT 85 (C(T)s1=193) :

FORMAT (#DCONSTRATINTS #92F164R)
DPFETURN

EMD

IMPLIT DATA

19 1 1 .
0.000 4e0 2,0
rLe n.0 n.0
Q,].F"' 8]0‘:'— gltF—
2 2 .

Fig. 10 Main program and subroutine FUNCT for Example 4.
Input data is also shown.

24,
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INPLT DaTA

o G e e S OB we e M

'\jUMH‘:F (‘.: I.’\DEPE’WDENT VARIABLESCOQDQ.Q00.9...'--oth..o‘\ = 4

,"I)AXIML'M NUMBER OF ALLLOWARLE ITEPAT‘[(‘NS.Q.....o.oon.oaNAA = '1C0
INTERMEQTATE PRIMTOUT AT EVERY IPT ITERATICANSeesseso Pl = 10

_STARTING VaLUp 70R VecTCR X(I)ecasoanssvocaaeseceneX 1) = Go = =
rx( 2) Goe
(. 3) = (e
x( %) = 0,

#

TEST CUANTITIES TC RE USED seeeveecosssssosveenseasbro( 11 = L10QU00CCESGT
Epsc 2) = 100000 COE.CT
ERPS( 3) = fl0QUOCRUE~CT

ERPS( 4) = l00UNCGUE-CT

ESTiMaTE OF LOWER gOUND OF FUNCTION TO wE NMIMIMIZEDe EST = =e10000000E+073

HIGHEST NRppR OF ESTIMATES LSED IN pXTRAPOLATION « o JORPER = 3

__M_U_LTIFLIER rCLEQL\,!\CF FOR DRCPPII\G FLNCTIONS..Oooooo-.ETA = _‘.100000005:6—3—

Fig. 11 vInput data for the Rosen-Suzuki problem.



ORDER—- Vs

X(
X
XA
XA

1)
2)
3)

4)_ = .

ORDEFR

X
X(
X
xX(

1)
Z)
3)

4)

ORDER

e

XA{
XA
X

TCORRESPUWITRG NCOVALTZED ERRORS
BNV
1)
3)

gN(
EN(
EnC 4

3)
4)

1) s
2l

i u

il

1}

{f

l‘!

-
-_

2

-~

1l

1]

SOLUTION

COBUECTIVE FUnNCTION

26.

~.55715414E=06
eGG9IGATRE*OQU
«199993970F+01

=a39999632E+00 - ——

58563435E-07

.59999962F+00

WZ0G00Q00E+01L
-.10000001F+01

L 14318RG6E=07
«l0000001FE+C]
e 19995999F+01
-+ 10000003F+01

-.4399Q99G7E+ 042
1.0600006000
1.0G000009

—
1.0C000007 i

+14318896E=(7 «1000G6001E+01 +19999999E+51  ~.1000n003F*0!

T=aBagUuo0nten2

CONSTRATINTS =+30339277E~=n6 eG99958T8F+ (0 »91383533E~97

Fig. 12  Final results for the Rosen-Suzuki problem.



are obtained using the adjoint network method. Using 3rd order extra-
polation and the reduction scheme with p = 8, 48; 288, 1728, we get a
reflection coefficient magnitude of 0.19729 (optimal to 5 figures). The
effort required is summarized in Table 1. A total of 557 network analyses
were required, which was about 30% less than what would be required if

the reduction scheme was not used. A listing of the main program, sub-
routine FUNCT and the input data is shown in Fig. 13. Note that the sample
points are read from the main program and passed to the subroutine FUNCT
via a COMMON block named USER. At the end of each optimization, the
responses of the transformer at the local solution and the extrapolated
solution are printed. In subroutine FUNCT, the error functions and their
gradients are obtained from the subroutine NET which defines the reflect-
ion coefficient of the transformer. Fig. 14 shows the input data for this
example. Fig. 15 shows the parameter values and error functions at the
solution for p = 1728. A final estimate of the minimax solution and the
corresponding errors are shown in Fig. 16. In Fig. 17, the 2nd column
gives the modulus of the reflection coefficient at the solution for p = 1728,
while the 3rd column gives that of the extrapolated minimax solution.

Only the crucial frequency points are used, which appear in column 1.

VII, COMMENTS
The package is so organised that pertinent information of the op-
timization process can be obtained from the argument list of the subroutine
FLOPT2. This allows the user to do some useful things in the main program,
expecially when using extrapolation. Some suggestions are:

(1) In using the extrapolation procedure, we usually do not know how
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Parameter Function X Number of - Number of
P evaluations error functions network analyses
8 27 11 297
48 20 8 s 160
288 14 4 56
1728 11 4 44
Total 72 total 557

Table 1  Computational effort for the transformer problem.
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Sonrpat TRT ([M0UTAUTDOUT s TAPEE = [NDUT 3 TAPEA=0OHTOHT)
ATAL PRACTAM AT EXAMPLT 8

NIUTNETAR X{AY a7 (A)sHI27) oW (D4) s EDS (/Y e XP(A) I XE(ASEal)
NTVCNGTIAN CRAN(A)

CAMVMUAN JUISTD /U (] 7))

COMMANLWY 2 /N Ay JN(160)

N=h

MP=11

DEAD To(WN(TYeT=]sMR)

FARYAT(AaF10.0)

=

[Ge=0

[4=5

A2 TH=1 .1V

FALL FL NPT (NgMa Y s X oot ol gFPS g XF g THe ¥ 4 FACTOIR G XP 3 TETNTSHMR)
mRIMT 22

FORMAT(1HT 32X s #RFSPONSFS OF THF TRANSFORMFR)

PRINT 24

FARMAT (THO s 11X s #FREQUFNCY * 3 X o ¥RFELECTION CNFF ¢ ¥ 310X ¥RFSTH)
NA 2 T=14MA

v=Jn1(1)

S=WAN ()

CALL NET{ReSsARHNAATNAGGP AN S0

CALL NFT(UXRsSsARPHN G ATMRSGPADSO)

PRINT 26 SsATNGATMNR

ENPMAT (THDa3F2N,R)

CONT IMUF

IF(IFTINTISFN.MY CALL FXTT

=0

CAMTIMUE

STrO

=ANT

SURRCUTING FUNCT(XsGsll)
A MICPOWAVE CIRCUIT FXAMPLF

DIMENSINON X(A)sGIA)sFRIT11)sGE(AST1)ES(T1T)
NDIMENSION GRADI(H)
COMMON/ZUSFR/UM(T1)
COMMON/WY2/NASJD(150)

M=A

NN 1 IT=14NA

=0T

CALL NFT({Y oMK ) s ARHO G ATN 9 GRAD ST )
PRy y=ATH

N2 =T W N

GOl ) ="PADCD

CANT [ Mg

TANT TN

CALLL LFEASTER(Malla a0 o F o F Q)

SEal SRIeEN|

A

ST AT A
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INPUT DATA

R I e

MUMBLR OF INDEPEINUSNT VARIASLIS. s cesvoessvocsovoocveesel

MAXIMUN NUMBEFR OF ALLOWABLE ITERATIONSesceesesesassee 1AX

INTERMEDIATI PRINTOUT AT CVIRY IPT ITERATIONSessansselPT

STARTING VALUE FOR VECTOR X(I)seseososcososcscanaesXl
' X (

X (

X (

X (

X (

TzST AQUANTITIES TO 32 USEDeeeeereveovsnsceosvsnsePS(
eP3S(
cPS(
ZP5(
P3¢
PS5

1)
2)
3)
&)
5)

5)

1)
2)
3)
4)
5)

5)

CSTIMATE OF LOWER BOUND OF FUNCTION TO BE MINIMIZEDe.=ZST

HIGHEST 92xDc

Yl

i

OF cSTIMATES USzD IN ZXTRAPOLATION.sJORDER

MULTIPLIZR TOLERANCZ FOR OROPPING FUNCTIONSoceesssanocTA

Fig. 14 Input data for the transformer example.
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e50030030CE-03
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IeXIT = 14
CRITERION FOR OPTIMUA (CHANGEZ IN VECTOR X oLTe ZPS) HAS Bco&W SATISFIED

OPTIMAL SOLUTION FOUNJ BY FLETCHER METHOD

N . G - e Y W We NP S P NN Wm e AP WS G GD U W AN G WD W GR WR S GP W6 We WD 4R W < 4 WS WS A ew

u = e1674Ly1 40

£EM = «1G732J2uE+DL

ENC 1) = «1{buuiudzrul

INC 4) = «999502502+0C

EN( 8) = « 959069120+ 0

IN(11) = + 99336393+
Xt 1) = « 999954862 +00 G( 1) = =-.66049713E-1C
X{ 2) = +1€347.92E+(1 G( 2) = =419447763£-10
Xt 3) = ¢ 9599974 3c+0C O GC 3) = ~.19477199E-09
X( &) = +316227775+01 G( L) = =4855{7778£-12
Xt 5) = o99§954868+08 G( 5) = =-.660854774E-10
X( o) = 511729532 +(1 G( &) = 4 4413492E-11

NUMBZ< OF FUNGTION cVALUATIONS = 11
VALUE OF THZ PARAMETER P = 217280006E+04
EXSCUTION TIME IN SECONDS = 284

Fig. 15 Results for the transformer example.
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Final estimate of the minimax solution.
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many cycles of optimization are required and the paraﬁeter IK may be -
set too large. The value of the parameter IFINIS may be used as a
stopping criterion. When the accuracy in each element of XB (esti-
mates of the minimax solution) is less than one hundred times of the
accuracy in each element of X, the value of IFINIS becomes n. A
statement as
IF (IFINIS.EQ.N) CALL EXIT

put inside the DO loop will serve the purpose. See Examples 2-5.
(ii) Responses (function values or constraints) at the end of each optimi-
zation or at the estimated minimax solutidn may be evaluated in the main
program by calling subroutine FUNCT. See Examples 2, 4, 5. When extra-
polation is used, but not the least pth formulation (as in the Fiacco-
McCormick method), the sequeﬁce of the controlling parameter r can be
updated in the main program. See Example 2.
(iii) System failure or time-limit may sometimes occur before the exe-
cution of the program is complete. Most of the information will be lost
if it has not been saved. As a precaution, the user'may at the end of
each optimization cycle save the value of the array XE and the starting
value of the next optimization cycle (which»is stored in the array X)
as punched output. Should restarting be necessary, the user simply reads
in the value of the array XE obtained before the interruption, the start-
ing value of x, some required input data and sets the value of IH to the
appropriate cycle number. The process should then proceed as if nothing had
happened.

Suppose time-limit occurred during exccution of the fourth optimi-
zation cycle and we had saved relevant information of the previous three

cycles. To restart the optimization process at the fourth cycle, the



main program may contain the following statements:

READ (5,2) (XE(I,1,1), I =1, N)

READ (5,2) (XE(I,2,1), I =1, N)
READ (5,2) (XE(I,2,2), I =1, N)
READ (5,2) (XE(I,3,1), I =1, N)
READ (5,2) (XE(I,3,2), I =1, N)
READ (5,2) (XE(I,3,3), I = 1, N)
2 FORMAT (5E16.8)
M= 1
IGK = 0

DO 1  IH =4, IK

CALL FLOPT2 (N, M, IGK, X, G, H, W, EPS, XE, IH, IK, FACTOR,
1 XB, IFINIS, NR)

IF (IFINIS .EQ. N) CALL EXIT

M=0

1 CONTINUE

The purpose of each statement should be self-explanatory.
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VIII. CONCLUSIONS

A package of subroutines, called FLOPT2, for solving least pth optimi-
zation problems has been presented. Its features, which include Fletcher's
quasi-Newton subroutine, a least pth objective formulation subroutine,
an extrapolation procedure and a scheme for dropping inactive functions,
make it capable of solving unconstrained problems, constrained problems
or nonlinéar minimax approximation problems. Several examples have been
presented to illustrate the versatility of the program. The mathematical
background for the extrapolationAprocedure to minimax solutions (or the

p-algorithm) has been omitted, but is readily available [2], [6], [11].
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