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SQUARE - AN IMPLEMENTATION OF THE
MASSARA - FIDLER ALGORITHM FOR LEAST-SQUARES

PROBLEMS

Waguih S. Ishak

(I) Introduction: Generalized Ieast Squares Methods:

Most algorithms for the least-squares estimation of non-linear
parameters have centered about either using Taylor series approximation
or various modifications of the method of steepest-descent. The Taylor
series method usually results in a divergent process and the steepest-
descent approach suffers from slow convergence after the first few
iterations. |

Different algorithms have been implemented and their use in
computer-aided design of circuits and networks is well established in
the literature [1], [2], [3]. The method of least-squares is applicable
when the objective function U can be expressed as the sum of n squared

residuals in the form:

n
U= iz-l ei(xl,xz, ceer %) n >k (1)

where x = [xl Xy eee xk]T is the network variable vector. The Gauss'
Y
least-squares algorithms proceed by obtaining the correction vector Ai(,

that minimizes the objective function U, which takes the form:

AX = - (J°0) Je (2)
o



where e = [e; e, ... e ]T and J = Jacobian matrix defined as:
iy 172 n N
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Very often, the predicted correction given by equation (2)
is large enough to cause eratic moves as the optimization proceeds. This
eratic behavior is explained by the fact that large steps Axi(i=l,2, eeer k)
invalidate the Taylor series approximation. A useful scheme to overcome
the above difficulty is to accept the predicted step of eqn. (2) if the
cbjective function is decreased, otherwise the step length is successively
halved until the objective is decreased. The problem with this step-
halving scheme is that usually premature termination occdrs as a result

of insistance on an objective decrease [4].

(II) Damping: Levenberg - Marquardt Algorithms:

Levenberg, and later Marquardt, suggested a restriction on the

size of the step size to validate the Taylor series approximation.



The Levenberg algorithm actually minimizes both the objective function
defined in egn. (1) together with an additional correction vector which
is proportional to the square of the step-size. This leads to a predicted

correction of:

px = - (T°T + D) "Lae (4)
Y oy N AVUV]

with the positive weighting factor X, termed the Levenberg parameter, and

({ the unit matrix.

Different algorithms have been implemented for the choice of the
parameter A which becomes the central problem in the use of egn. (4).
Almost all these algorithms agree with the fact that relatively large
values of ) are required in the early stages of an optimization problem
because the direction given in egn. (4) will, then, be biased towards
the steepest-descent. As the minimization proceeds small values of A
should be used to accelerate the convergence.

A recent algorithm has been reported by Massara and Fidler [4]
in which the parameter A has been used very effciently to control the
minimization process. In their paper, Massara and Fidler related
the fact that for small error values it was found that inaccurate AX

v
prediction results in divergent iteration to the fact that the determinant

. T
of the matrix (J°J + AI) becomes very small and may approach zero. This
LAVERAV] Y

near singularity makes the inverse required in egn. (4) subject to large

errors.



Another important fact to be considered is that a condition for
the step 4x to be downhill is that (ﬂTﬁ + A1) should be positive definite.
Massara and Fidler suggested using the parameter A to control the matrix
(iTi + }‘,]\:,) to be a non-singular, positive definite matrix through the
minimization process. Except for this controlling nature of X, the
algorithm proceeds in the same fashion as Marquardt algorithm [5]. some
initial value for A is chosen, 10 say, and ) is halved (doubled) following
convergent (divergent) iterations. Massara and Fidler, in their algorithm
followed Bown's idea [1] for restricting the number of step-halvings to
only 4 successive reductions. This prevents premature termination or
slow convergence at the possible expense of error-reduction condition.

The following section describes, in detail, the algorithm
reported by Massara and Fidler together with some modifications and

suggestions for future extensions.

(ITI) Description of the Algorithm:

(1) Purpose:
The algorithm is a modified damping method for the minimization
of functions in the form of sum of squares. i.e. it minimizes the function:
S22
U=v.z ei(Xllle ceoy }<k‘) ’ n..>.k
i=1
The minimization is done using a search method with a predicted

step size given by:



AX = - (,JTJ + AI)'lJT‘e
Y 0oy n oy

where the parameters are explained before.

(2) The Algorithm:

(i) Set r=1. Set A=10.

.. . . de,
(ii) Calculate S i=1,2, ..., n and "1 i=1,2, ..., n and §=1,2, ..., k.
ij J

at the starting point 2.
-
(iii) Formulate the Jacobian matrix J and formulate the matrix A given
Qv N

by: A= (J°J + AT) -

v VY v

(iv) Check for the matrix A. If A is not positive definite or
n 4V

|a] < 1077, set A=10) and go to (i).
v
. r T -1.T
(v) Calculate the step correction Ax = - (J°J + AI) "J'e. Calculate
4V AVEAV] Y VY]
L= 4ot
n n v}
(vi) caleulate UG, 1f UGEY) < U go to (viii).
o Y n

(vii) Perform a step-halving operation and set A=2). If the number
of step-halvingsis 4, set F—g— and r=r+l. Go to (iii).
(viii) Check for: |Ax| < e where e is a small number. If yes stop.
n
(ix)y Ifr>r __, wherer is the maximum allowable number of iterations,
- “max max
stop.

(x) Set r=r+l and go to (iii).



(3) Comments:

The initial setting of the parameter A to be 10 is very
arbitrary. Other values can be used and acceleration of convergence
may be achieved by choosing 2=0.1 say as an initial setting. This
can occur in well conditioned problems as shall be discussed later.

In step (v), a system of linear equatiors in Aif will be

solved in the form:

(JLT + AI)Ax = - Je
n v n, n n oy

This can be made use of in the fact that a subroutine can be

written to check for the positive-definiteness of the matrix A = (JTJ +AT)
Y] N Y]

and which solves the system of equations in Ax at the same time.
Y

(IV) Implementation of the Algorithm:

A computer program has been written in FORTRAN IV
to implement the above described algorithm. All input date is entered
through the argument of SUBROUTINE SQUARE, hence the program can be

incorporated into other programs for computer-aided design purposes.

(1) The Argument List:

CALL SQUARE (USER,N,K,X,E,A,V,W,G,AA,DR,EPS,MAX, IPRINT,

INPUT,ALAMDA , LLL ,MMM)

The arguments are as follows:



USER

DR

EPS

the identifier of the user subroutine.

an integer set to the number of residuals e.s.

an integer set to the number of variables (K <N).

a real array of K elements in which the current values of the
solution are stored.

a real array of N elements in which the current values of the
residuals are stored.

a two suffix array of KxK elements in which the current values

of the matrix (vJTJ + AI) are stored.
AV} v

a real array of length K is used to store the current values of
the matrix gTS. This array also stores the values of the step
predictions A},\{, as an output of subroutine POSMAT .

a real array of length K is used to temporarily store the current
values of the step prediciton Az .

a real array of length K is used to store the current values of
the gradients of the objective U.

a real array of K(K+l)/2 elements which stores the elements of
the matrix (iTi + A'Z\[I) up to the diagonal elements,

a two suffix array of size NxK in which the current values of
the gradients of the residuals e]‘._s with respect to the vector

oe,
x, are stored. i.e. DR(I,J) contains the value of -é—x—Jl .
v J
a real array of size K in which tolerance values are stored

to be used in the minimization process.



IPRINT

INPUT

an integer controlling output printing to be set: to the
required value to print every IPRINT iterétion

an integer set to 1 if the input data is to be printed and

set to 0 if the input data is to be suppressed

a real number which sets an initial value for the parameter A.
ALAMDA can take any value between 0.0001 and 20.0. For values
less than 0.0001 (greater than 20) the program will automatically
set ATAMDA to 0.0001(20). AlAMDA should be high (within the
above specified range) if no infromation are present for the

problem. For these cases a suitable ALAMDA will be 10.

IIL,MMM Two working arrays of size K.

(2) The User Subroutine:

The user must provide a subroutine as follows:
SUBROUTINE UUU(N,X,X,E,DR)

DIMENSION X(1), E(1), DR(N,1)

where UUU is an identifier chosen by the user. This subroutine should

use the variables x supplied in X, the nunber of variables supplied in
v

N, and the number of functions (residuals) supplied in K to evaluate

the residuals and their partial derivatives, with respect to x, and
n

place them in arrays E, DR, respectively. It should be noted that

UUU must be passed to SQUARE as its first argument and it must appear



in an EXTERNAL statement in the program that calls SQUARE as will be

shown in the examples.

(3) Other Subroutines:

Other subroutines are called by SQUARE. These are as follows:

GRDCHK checks the derivatives at the starting point [7].
GRADES evaluates the gradients of the formulated objective function.
POSMAT solves for Ax and checks for the positive-definitions of

ny
(JTJ +1I) [8].
[AVERAV) n

DETERM checks for singularity of (JTJ + AI) [8].
LAVERAV} n

OUTPUT outputs the optimal solution or the solution obtained at the

last iteration.s

A flow chart which describes the construction of the program is

shown in Figure 1.

(V) Illustrative Examples:

Different examples were tried out to test the program. The

chosen examples were as follows:

Example 1:

To minimize the function [9]:



which is the familiar Rosenbrock function.

U= lOO(xz -

of a sum of squares with:

2
U= Je
i=1

1

’ e = 10(x

X2)2
l.

—X2)
2771

+ (1 -x

2
)

10.

This function is in the form

Different starting points were used (including the standard

starting point L = [-1.2 l.O]T) . The algorithm was also tested for
v

different starting values of the parameter 2.

Figures 2,3 and 4 give

a typical calling program, a typical user subroutine and the printout

of input data and optimal solution, respectively.

Table 1 gives a

comparison between the number of function evaluations and the obtained

optimal solution for the Rosenbrock function using different starting

value for the parameter A.

Table 1

Results of Rosenbrock Function

start }‘final Xy X, U No. of
- functions
0.001 .5000E-3 1.0000000 1.0000000 .454383E-27 31
0.01 .6250E-3 1.0000000 1.0000000 .113595E-25 28
0.05 . 7812E-3 1.0000000 1.0000000 .962738E-24 22
1.0 .4882E-3 1.0000000 1.0000000 .201948E-27 23
10.0 ~1.0000000 | 1.0000000 --| .408945E-26 26

.6103E-3




‘Example 2 [10] :

11.

To minimize the function: U = 2(xl—5)2 + (,Xz—‘6)2. Different

starting values were tried and Fig. 5 shows the obtained results for

this problem using the standard starting point X = [8.0 9.0]T. Table 2
n

shows the effect on the different starting values for A on the number

of function evaluations.

Table 2

Results for the function U = 10(x1-5)2 + (x2-6)2

A A, X X U No. of
start final 1 2 functions
.0001 .2500E-4 5.0000000 6.0000000 .136517E~-24 4
.001 .1250E-3 5.0000000 6.0000000 .807793E-27 5
.01 .1250E-3 5.0000000 6.0000000 .211670E-18 5
0.1 . 3125E-2 5.0000000 6.0000000 .572422E-20 7
1.0 . 7812E-2 5.0000000 6.0000000 .557924E-17 9
10.0 .9765E-2 5.0000000 6.0000000 .317305E-16 12
Example 3:

y(t,) s «--r ¥(t) by a function of the form [11]

where a,b,c,d and e are parameters to be determined.

f£(t)

a + bt + ¢ exp (-} (t-d) 2/e?)

It is required to find the best fitting of the data y(t;),

The problem can be

posed as that of choosing the parameters a,b,c,d and e so as to minimize:



12.

10 - 2
‘ z {ei (a,b,c,d,e)}
i=1

where

v _ 2,2
e; (a,b,c,d,e) = a + bti + c exp(-% ('ti—d) /e”) - y(ti) .

Thus the problem has 10 residuals e 5 variables, a,b,c,d and e, and
tl’t2’ ceay t10 and y(tl) ’ y(tz), ceer y(tlo) are given data. The
partial derivatives for these residuals with respect to the variable

parameters are obtained as follows:

Bei .Bei aei 2 2
I s A (% (t,-d)"/e")

2
de. c(t.-4d) de, c(t.-d)
i_ 1 _ _ 2,2 i_ i _n2,2
ad - e2 e}q)( ;‘Z’(tl d) /e ) ’ Je - e3 exp(_;f’(ti d) /e )

A typical calling program, a user subroutine and a print out of the optimal
solution are shown in Figures 6,7 and 8, respectively. Table 3 gives

a comparison between y(ti) and f(ti) for ety aeey t0



13.

Table 3
Results for the data fitting example

t; ‘ —.055 : 0.0 0.5 1.0 2.0
y(ti) 4.35000 4.93000 5.48000 6.00000 6.95000
fep | asess | eosom | s | s.oeoer | .26
ol e | e | me | we | s
yte) | 9.17500 | 1250000 | 22.01000 | 42.00200 |  52.00100
fe,) | oaeoss | s | 22.0ms0 | 420020 | sl.oses0

Example 4 [10]:

. e _ 2 _ 4 14 o2
To minimize U = (xl+10x2) + (x2 2x3) + 10 (xl x4) + 5(x3 x4)

Figure 9 gives a print out for the results of this example.

Example 5:
Find a second-order model of a fourth-order system when the

input to the system is an impulse, in the least-square sense [7] .

The transfer function of a fourth-order system is

(s+4)
(s+1) (s°+45+8) (s+5)

G(s) =



14.

and the transfer function of the second-order model is

%3
2 2
(s+xl) + X,

H(s) =

The problem is therefore equivalent to finding the optimum point x such
4

that the function:

X
F(x,t) = 3{-31 exp(—xlt) sin x,t
e 2

best approximates the function:

S(t) = 35 exp(-t) + &5 exp(-5¢) - 28 (35in 26 + 11 cos 26)

in the least-square sense.

The problem was discretized into 51 uniformly spaced points in
the interval 0 to 10 seconds and the function to be minimized is given
by:

51

_ 2
U= izl ey (il{)

where ei(if) = F(ff'ti) - S(ti)

The following results were obtained:

U = 4.3682967 x 1074



15.

1.0164706

= | 0.7892702

X

0.1614000

The number of function evaluations were 13(28) using a starting value for
A of 0.001(1.0). Fig. 10 shows the obtained results for this system

modelling example.

(VI) Comments on the Obtained Results:

Looking at the obtained results for the test examples used it
can be concluded that the algorithm works very well for minimizing
functions in the form of a sum of squares. The control on the parameter
A at the start of the minimization procedure is not that critical and
different starting values ranging from 0.0001 up to 20.0 can be used.

The program written can be used in its form now for curve fitting
problems especially for statistical analysis and modelling problems.

Tt should be noted that the results of example 5 are different from those
obtained using the minimax sense which is true when the number of

sampling points is larger than the number of residuals.
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Flow chart for SQUARE.
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DIMENSTION X{(2)sFE(2)sA(2352)3AA(3)sERPS(2)9G(2)sVI2)sDRI25215VVI(2) >

TLLL(2) sMMM(2)
EXTFRNAL USER
ALAMDAzloo
X{1)==1.2
X(2)=1.0
EPS(1)=1.E-8
EPS(2)=1.E-8
N=2 '

K=2

MAX=200
IPRINT=4
INPUT=1
CALL SQUARF(USFRsNsKsXesFsAsVsVVeGasAAIDRIFPS MAXSTIPRINTSINPUTS

1ALAMDA s LLL sMMM)
SToP
END

CcDTOT 0017

Fig. 2 The main program for Rosenbrock's problem.
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SUBROUTINE USER(NsKsXsEsDR)
DIMENSION X(1)sE(1)sDRINs1)
S1=X(2)=-X(1)*X(1)
E(1)=10.%S51

E(2)=1e=X(1)
DR(1+1)==2C%X (1)
DR{152)=10.

DR(2,1)==1.0

DR{252)=0.,0

RETURN

END

CDTOT

Fig. 3  The user subroutine for Rosenbrock's problem.

0011



INPUT DATA

NUMBER OF INDELPENDENT VARIABLES:svesessscsecsssoscsesacsek

”AXIﬁUM NUNBER OF ALLUNABLE IT (ATIONQ.G"O“i.‘.!.i’gax

INTERMEDIATE PRINTOUT AT ZViRY IPRINT ITERATIONSe«IPRINT

STARTING VALUES FOR VECTOR X{I)eecsescenssossscscese X{ 1)=
X 2)=

T£ST QU&NTITIgS TO BE USED.IG..G'G.’ﬁi..'.!!..it"EpS( 1):
EPS( 2)=

STARTING VALUE FOR THE DAMPING FACTOR LAMDAcscovsoseosesa™

«1000005+01

THE OPTIMAL SCLUTION OBTAINED USING MASSARA-FIDLER ALGORITHM .

.-----------------‘--‘-----------‘-------—‘-_--------------'

THE MINIMUM SUM OF SQUARCES (OBJZCTIVE FUNCTION)

el b20293E~22

X( )= ed0Ubulule+ul Gl 1= -+333355039E~11
X{ 2)= s1GUUUoLLE+ld G( 2)= -e21316282E-11
THE NUMBER OF ITEZRATIONS PZRFORHEDessssessosnese™ i5

THE NUMBER OF FUNCTION EVALUATIONSssseessssesens™ 22

FINAL VALUEZ OF PARAMELTER LAMDAscvsvecsessosssoes™ »9706563E-03

Fig. 4 Results obtained for Rosenbrock's problem.



EﬁPUT DATA

NUMBER OF INDCPENDENT VARIABLES:csscossscossosssssssssak = 2

MAXIMUM NUMSER OF ALLOWABLEL ITERATIONSsecescessssssoceAX

INTERMEDIATZ PRINTOUT AT SWERY IPRINT ITERATIONSe« IPRINT

STARTING VALUES FOR VZOTOR X{Idecssossssesosscscesecse X{ 1)= s8LGounE+Ld
X{ 2)= «9L0UtE+DL

1]
[
[ o]
&

i
[

TEST QUANTITIES 7O BZ USEDsesessesnossosssessessesPS{ 1)= «103000c-45
EPS( 2)= «1004800E-~05

STARTING VALUE FOR THE DAMPING FACTOR LAMOAueseesescoscee=  o1000U0E+01

THE OPTIMAL SOLUTION OBTAINED USING MASSARA-FIDLER ALGORITHH .

- D an e G SR WD G D En R D G5 M WD S5 G D 5 ED WS R AE RN WD S WD WD TS G WS 4 AR WD S5 WD SH WD LN U0 4D 4D WD Ev 4P WP YD AN IS U O 4R W WS wm 5

THZ MINIMUM SUH OF SQUARES (OBJECTIV: FUNCTION) = «55792472E-17
X{ 1)= PECRRTRIRTRE PR TR0 FU N G )= «58212103E-12
X( 2)= PRRIRTRIRRIRER R R SEI T G( )= e72LLBBUE~DB
THE NUMBER OF ITcRATIONS PZRFORMEDsecsosssssscss= 7
THE NUMBEZR OF FUNCTION EVALUATIONSsessssesesesose= 9

FINAL VALUE OF PARAMETEZR LAMDAscocoscvesosscssanes «781250E-02

Fig. 5 Results for Example 2.
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DIMENSTON X(5)sF(10)sV(5)sG(5)sDR(1055)5A(555)5AA(15)sFEDS(5)sVVI5)

1sLLL(B) sMMV(5)

COMMON/AA/T{1C)sY(10)

EXTERNAL USER -
ALAMDA=0,01

READ(5910) (T(I1)sI=1910)

READ(5+10) (Y(I)sI=1+1C)

FORMAT(10F743)

X(1)=1.0
X(2)=1.0
X{3)=0,0
X(4)=500
X(5)=3,0
EPS(1)=1.E
EPS(2)=1.E
EPS(3)=1.F
FPS(4)=1.F
EPS(5)=10E
N=10

K=5
MAX=200
IPRINT=4
JINPUT=1 ,
CALL SQUARE(USER N sXsEsAsVeVVsGasAAISDRSEPS MAXSIPRINTSINPUT,
TALAMDASLLL sMMM)

STop

END

-6
-6
-6
-6
-6

CcDTOT 0027

Fig. 6 The main program for the data fitting problem.



Py

SURRNUTINE USER(NsK sXsFsDR)
DIMENSION X(1)sE(1)sDR(Ns1)
DIMENSION EX(10)
COMMNON/Z/AA/Z/T(1C)YsY(10) s
( IF{X{5)«EQ.0.0) GO TO 3 v
DO 1 I=1sN ' -
SS=T(I)=X(4)
EX{I)=EXP(=045%#(S58)/X(5))#x2)
1 E(I)=X(1)+X(2)#T(I)4+X(3)%#EX(T)Y=Y(1)
DO 2 I=1sN
( DP(I’])zloo
DR{TIs2)=T(1)
DR({I+3)=EXI(I)

( DRUIs4)=X{3)#SSHEX(T)/Xt5)%%2
‘ 2 DR(TI»5)=X{(3)%SS#%2%EX(1)/X(5)%%2
GO TO 5
¢ 3 WRITE(654) |
' 4 FORMAT(1H1 92X s #OVERFLOW WILL OCCUR - X(5) 1S ZERO *s/)
5 RETURN
( . END
A CDTOT 0020

Fig. 7 The user subroutine for the data fitting problem.



INPUT DATA

NUMEER GF INBEPENDg’«NT VAE,EASLES#.‘#&O* Q!'lti.’!'."’ll.K = 5

MAXIMUM NUMBER OF ALLOWABLE ITERATIONSecscesesvossesenMAX
INTERMEDIATE PRINTOUT AT ZVLRY IPRINT ITERATIONS..IPRINT

STARTING VALUES FOR VECOTOR X{Idsessssssvevsssenroses X(
X{

XA

XA

X(

TEST QUANTITIES TO BE USEDssesesecscvesessnessscsnnePSH
ZPS(

EPS{

PS5

EPS(

208

4
)= J1C0300E+01
2)=  <1UG000E+01
3= 0
4)=  «5LUUDUE+DY
5)=  «3LGL00E+0L

1) = «+1G0000E-05
2)= «100303E-C5
3= «100800c-05
4)= «140003E-CE

5)= «100000E-CD

STARTING VALUE FOR THE DAMPING FACTOR LAMDAsscccocscesceces™ +100000E-01

THE OPTIMAL SOLUTION OBTAINED USING MASSARA-FIDLER ALGORITHM .

- D D S € e D W D TR WD EE WD WD MR GD NS WD SN Sr 4D D w5 S U WD WD W WR GD GO GO G5 WS WS Mb U5 D WP W W MDD Wb W WSED @B D o e I D

THE MINIMUM SUM OF SQUAREZS (0BJzCTIVE FUNCTION) =
Xt 1)= s CULlbB3BLE+UL G( = -
X( 2)= e999606359c+00 G( 2)= -
X( 3)= e 29827040 T+U1 Gt 3= -
XU 4)= s1io4u235c+il Gl 8= -
X{ 5)= e49182u9LC+11 G( 5) =
THE NUMBER OF ITERATIONS PoRFORMEDesccsscosssssee™
THE NUMBER OF FUNCTION EVALUATIONSccesscesoecsses=

FINAL VALUE CF PARAMCTER LAMDAcssecccecocsossscese™

sk e s SNSRI

- an o wn e =

«83562750E=-{4

e52741090E~L5

«36034865E=-04

e 261356060E=C05

«11279473E-L5

e 764L75244E-C5

58

53

21776306E-10

Fig. 8 Results cbtained for the data fitting problem.



INPUT DATA

NUMBER OF INDEPENDENT VARIABLESecsosssossosvesoscorereseK = &

MAXIMUM NUMBER OF ALLOWABLE ITERATIONSsvessssssssseseMAX = 100

INTERMEDIATE PRINTOUT AT ZVERY IPRINT ITERATIONS..IPRINT = 1

STARTING VALUES FOR VECTOR X(I)seseseessesescescscas X{ 1)= «100500E+C1
X{ 2)= «10080CE+01
X{ 3)= «100300E+CL
X{ 4)= «1LJ00UE+C]

TEST QUANTITIES TO BE USEDesseeresoscsessvesnsssseEPS( 1)=  «100003E-C5
EPSC 2)= «1GUU0GE-DS
EPS( 3)= «140003E-CS
EPS( &)= «100000E-05

STARTING VALUE FOR THE DAMPING FACTOR LAMDAcsssssesensose= «1003030E+C1

THE OPTIMAL SOLUTION OBTAINED USING MASSARA-FIDLER ALGORITHM ,

D S S N WS WS NS ER R SR AR D WS AR G A S S R AR R GRS G A D M WD R S MWD WD A S R WS AR 6D SR R WE ED GBS AR WD ERLN B W N Ew D WS A G e -

THE MINIMUM SUM OF SQUARES (OBJECTIVE FUNCTION) = o7 :BSGBBS57E~13
X( 1)= e42968113E-53 G( D= «43811715t-09
Xt 2)= -e42968111E-L 4 | G( 2)= - o4 3082790E-10
X( 3)= 021413591E-03 G( 3)= «21711217E-09

X{ 4)= e21413597E-03 G( )= «21949¢€12E-(9

THE NUMBER OF ITERATIONS PLRFORMEDesosoecossseee= 75”2

THE NUMBER OF FUNCTION EVALUATIONSsesssssssssseee=

FINAL VALUE OF PARAMLTER LA?‘!BA..; se00sssssas o’o see ™= ‘e ZGQBQSE-E 3

g ‘

. - -

R

Flg»9 Results for Example 3.



INPUT DATA

R et

NUMBER OF INDCPENDENT VARIABLES:ecsssssossocscsssassosek = 3
MAXIMUM NUMSBER OF ALLOWABLE ITERATIONSsscescessssoseseAX = Jul
INTERMEDIATE PRINTOUT AT c£VERY IPRINT ITERATIONS.e IPRINT = 1

STARTING VALUES FOR VeCTOR X{I)scosesssesssssnssssesns X 1) = «100000E+C
X( 2)=  J100000E+01
X( 3)=  <1000QOE+01

L]
w

TEST QUANTITIES 70 BE USED!’&.'&QC.'OGO!OtiitiiﬁiﬁEPS( i)= 51;{}302{:—‘

ZPSC 3) = «1UGU00UE-05

(83

STARTING VALUE FOR THt ODAMPING FACTOR LAMDAcoesesssscovses™ «1L0000UE+TL

THE OPTIMAL SOLUTION OBTAIN:cD USING ﬁQSSARﬁ-FIGLER ALGORITHM .

D D e > > Ch D DD AD WD R D WD ED W R SH GH UD W WR WS WD D 4F D % GD On GD WD D S G e e NP G WD s Sk WD D WS 4n NI D WS WD S) W An WY WP WD WS w6 4D W W W

THE MINIMUM SUM OF SQUARZS (OBJECTIVZ FUNCTICN) = 43682967E-03
X( 1)= e1016470TE+DL GC 1)=  =.80055245E-11
X( 2)= 789270215400 GC 2)=  =.27904939E-09
X( 3)= ¢ 161400U9E+LD GC 3)=  =452957023E-12
THE NUMBER OF ITERATIONS PERFORMEDecsosscosssvon= 16
THE NUMBER OF FUNCTION EVALUATIONSeseesosssesess= 18

gi#iﬁhL VALUZ CF PARAMLTER LAMOAsscesssvssssaccsnes (152588E=04 1

Fig. 10 Results obtained for the system modelling problem.



APPENDIX I

FORTRAN listing for * SQUARE *



oy

Y

YTV O Y Y Yy

—d

SUARNT T SOUARE (USFRONSK sXsEsAsVoVVaGahiftgDRsFDS MAX , [V TN T 4 [NPL
TafLAMDA o1 LL sMMM

THL S T T INGANIZING SUBRCUTINE FOR THF PACKAGE % SQUARE %, THE
Paces MIMIMIZES A FUNCTION IN THE FCRM CF SUM OF SQUARES USING
Tieo , MARNUARDT=LFEVENRFREG 3AMPI“1 TECHNTOQUF . THE WAY TN

WHTCH T ”A’\‘DHG FACTOR (LANM VARIFS TS THFE SAME £S5 THAT D S—

DAY ¢
CRIBED HY MASSARA-FIDLFR (ELECTRONIC ':TTL?\, VOLs11s PP 32). THF
FACTOR LA<DA IS USED TG eess
1} 81A5 THE SEARCH DIRFCTION TOWARDS THE STFERPEST DOSCENT AT THE

STATT GF THE MINIMIZATION PROCESSases
2) BIAS THE SEARCH DIRECTION TOWARDS THE DIRECTION PRFEDICTFL BY
ALSS APPROXIMATION AS THE MINIMIZATION PROCFSS GNFSasass

3) REITRICT THE MATRIX OF COEFFICIENTS TCQ BE POSITIVE DEFINTTFe.s
4) RESTRICT THE COEFFICIEMT MATRIX TO RE NON-SINGULAR.

o

D.fr*"?:;‘.i"@?ﬂ!\] X1 E(1)9 AlKs1)s AA(T)s EPS(1)s G(1)s V{1)s DR(NsT)s

V¥ LT LLL(1)s MMM(1)
EXTE®NAL USER

THALV=0

IT=0

IFC=0

IF (ALAMDALT«0.,001) ALAMDA=0,001
IF (ALAMDALGT«20.) ALAMDA=20.,0
CALL GPDHCHK (USERsNsKsXsFE sAsVsGaDRsALAMDAY
IF (IN®UT.EQ.C) GO TO 1

WRITE (4,23)

WRITE (£424) K

WRITE {£,25) MAX

WRITF (5s26) IPRINT

WRITE (6927) (TsX{(I)sI=1sK)

WRITFE (6528) (TsEPS(I)sI=1sK)
WRITE (6529) ALAMDA

CALL LISER (NsK»XsEsDR)

[FC=1FC+1

USUM1=0.0

PO 2 I=1eN

USUMT =USUMT+E(T)*F (1)

CONTINUFE

WRITE (6+30)

CALL GRADES (NsKasXsZsAsVsGsDRsALAMDA)

ISTEP=0
L=0
DO 4 J=15K
DO 4 JJ=1+J
=L+1
AA(L)Y=A0UsJd)
CALL POSMAT (AASKsSIERRSV)

IF ({FRR.EN0) GO TO 5
ALAMDA=ALAMDA*10,

GO TO 3

DO 6 I=1,K

IT=1+1

DD 6 T11=11K

CACTSTITY=A(TITITS1)

CALL DETFRM (AsKosDETHLLLyMMM)
I[ff (DET.GTalaE~6) GO TO 7
ALAMDA=ALAMDA®10,

GO TO 3

PP PP PP PP PO RPP IR PRI REN D P

bk et ) pd bed ed b e e e
O VWNIU P WN =D 0D -JD U D WM

NN NN NN
WP W N

N NN
O 0~

V) W W
WN = O

w

L L LY L) WL
DO 0~ Oy U

40



10

12

13

14

15
16

17

18

19

20

21

22

273
24
25

CoTINUF

Cail. USER (NsKesXsFsDR)

IFC=IFC+1

UsUM2=0,0

DO 10 I=1sN

USUMD =USUV2+F (T Y3#F (1)

CONTINUE

IF (ISTEP.ZQ.1) GO TG 12

DO 11 1=14K

VVIIY=VI(I)

CONTINUE

CALL GRADES (NsKeXsE»AsVsGsDRsALAMDA)
IF (IT.GF.MAX) GO TO 20

IF (MOD(ITSIPRIMNT)Y.NEL.O) GO -TO 17
WRITE (A+21) ITsIFC-ALAMDASUSUM? s ({X(T)YsG{I))sI=15K)}
DIFF=USUMP2-USUM]

IF (DIFF) 14514517

IHALV=0

IT=IT+1

USUM1 =USUM2

DO 15 I=1sK
ERROR=ABS(VV{I))-FPSI(I)

IF (ERROR)Y 15415415

CONTINUE

GO TO 21

At AMDA=ALAMDA*0C .5

GO TO 3

IF (THALV.EQ.0) NN=1

IF (IHALVYWEQ-1) NN=NN+1

ITHALV=1

IF (NN.LT.4) GO TO 18

THALV=0

LLUAMDA=ALAMDA%0 .5

GO T0O 3

DO 19 I=1.K

VV(1)=0.5%¥VV(I)

X(I)=X{I)=VVI(I)

CONTINUE

ALAMDA=ALAMDA#2 .0

ISTEP=1

GO TO 9

I17T=1

1T=17T-1

CALL OUTPUT (KeXsUSUMPsITsIFC»IITsGsALAMDAY
GO TD 22

11T=2

IT=1T-1

CALL QUTPUT (KsXsUSUMP2»ITsIFCsTITsGsALAMDA)
GO TO 22

RETURN

FORMAT [1H1+s*INPUT DATA¥s/s1H 210(%=3%),/)

FORMAT (1HU» #MUMBFR OF INDEPENDENT VARIABLES#*924 (#e%) %K =%s14+/)
FORMAT {1H s*MAXIMUM NUMBER CGF ALLOWABLE ITERATIOMS#»s15{%e%)ssMAX
T=%e b4/}

>

PEr>>Prr>l>roPP>rPD>PDIIPPPDDIDP PRI R>DD

60
62
63

64

65
€5
&7

e

LD

69

10

72
73
T4

75

76
77

78

79

80

81
82
83
84
85

86
87
. 88
83 -

g0

91
92
93

61

Tren

94

95
.96
97
- 98

99 -
10C
101 .

102
133
104
105

106

107

108 |

109
110
111

112
113

114
115

116
117



A
2.7
A
29

20

31

FORMAT (14 SXINTERMEDTATE PRINTOUT AT EVERY IPRINT ITFRATIONSH,2(
To%) n#ITRINT =%,740a/)

FORMAT (11 »#*STATTING VALUES FOR VEITOR XU y%s21(#4%) s00(#X (#4205 %
1V=%sbE1lbdenhs/ /953X /)

FORMAT (1H o#TEST QUANTITIES TO BE USTCD*s24(4.%) s80(%FPS%5372,% )=
T59F14.6977951X)s /)

FORMAT (1M o#STARTING VALUE FOR THE DAMPING FACTOR LAMDA®s14(*4%) »
1¥=ieB1dals/)

FORMAT {7H1 91X e#THE DETAILED RESULTS OF THE ALGORITHMe¥*3:/s2Xs38 (%
1%)Y s/ /s0ni3#=%) /s TXs#ITER® s 1OX e ¥FUNC*¥ 9 10X s #LAVDA* 3 10X 3 %CRJECTIVES+» 1
PIAKVATTABLE® o 12X o ¥GRADIENT ¥ 9/ o 2X s ¥NDOa# 9 1DOX o #¥EVAL® 925X s ¥FUNCTION »
FN4Xe¥X(T) R 1TXs*G(T 1%/ 96(¥—%,4/)

FORMAT {(1H 91431 0XsT1405XsE14eE€32XsF144696XsR0(E14absTXsETl,abs/ 61X
1))

END

coTOoT C132

DB BRI
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e e B I
SR
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(6]

R 280 bo 3 O
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N nnNon ~

0

SURRDUTINE GRDCHK (USERsNsK e XoEs AoV 2GaDRIALAMDA)

FAOTS TeS SURSTUTINE WHICH CHECKS FOR THE GRADIENTS OF THE
L TEn TUNCTIONS AT THE STARTING POINT USING NUMFRICAL
PUZTUSATIONS IT 1S A MODIFIED VFRSION OF GRDCHK OF # MINOPT *

C
N

DTt mSTON X{71)e G{UT1)s F(131s Al<s1)s V(1) 33" s1)

CALL USER (NsKaXsESD

CALL GRADES (NsKsXs F‘, sVeGsDRALAMDA)
WRITE (6+5)

WRITE (6s6)

DO 3 I=1sK

IF (ABS(DX)alTelobE=10) DX=14E~10
X{I)=X(I)+DX

CALL USER (NsKsXsEsDR)

F2=0.0

DO 1 T1=1sN

Fo=F24+E(TI)¥*E(TI)}

CONTINUE

X{IY=X(T)=-2a%DX

CALL USER (NsKsXsFEsDR)

F1=0,0

DO 2 KK=1sN

Fi=F1+F(KKI*E(KK]

CONTINUE

Y=0e5%(FP2~F1)/DX

X{I)=X{1y+DX

IF (ABS{Y)elTeleE~14) Y=leE~14

IF (ABS{G(I))elTelaE=14) G(I)=1sFE~14
YP=ABS{ (Y- G(I))/Y)y 00,.C

WRITE (6-7) G(I)sYsYP

IF (YPeGT.10.0) IC—l
CONTINUE

IF (ICeFQa1) GO TO 4
WRITE (6+8)

RETURN

WRITE (659)

CALL EXIT

FORMAT (1H192X s *¥GRADIENTS CHECK AT STARTIMG POINT*s/s1H 72X 32 (%—%
1)) .

FORMAT (1HO 93X 967 (% =) /35X s #ANALYTICAL GRADIENTS*s5X s *NUMERICAL G
RADIENTS*s5X 9 ¥PERCENTAGE ERROR#%s /94X 0567 (34=3t) /)

FORMAT (1H 26X sFE14e6910XsE14698XsE14s6)

FORMAT (1HUO 93X e 7 (%-%)s//s1THDs1Xs%#YQOUR GRADIENTS ARE DaK 4t}

FORMAT (1HOs*YOUR PROGRAM HAS BEEN TERMINATFD BECAUSE YOUR GRADIEN

—d

17S ARE NOT CORRECT*,/,s1H 9ANO'JLh YOU PLEASE CHECK IT AGATIN#)

END
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Y

Y

[

A

SUBROUTINE GRADES (NsKeXsEsA>VsGsDRIALAMDA)

THIS IS THE SUBROUTINE WHICH FORMULATES THE
FORMULATED

i

IT ALSO EVALUATES THE GRADIENTS OF

NDIMANSION XT1)s Fl7)s al¥s1yse V7)o
FE=FLOATIN)

FN=1.0/FF

DO 1 I=1sXK

DO 1 J=1s1

A{T1sJ)=0,0

PO 1 T1=1sN
AlTsJ)Y=A{TJ)+DR{IT.T) 2
IF (T1=EQed) A(IoJ)=A{ToJ
CONTINUE

DO 2 I=15K

V(1)=0,0

DO 2 J=1-N )
VII)=V(I)Y+E(J)*DR(J-1)

DO 3 I=1,5K

G(IV=2%V(I])

V{T)==VI(I])

CONTINUE

RETURN

END

THE

G(1)

6025

OF COEFFICIENT
OBJUECTIVE

ﬁﬂﬂﬂﬂﬂﬁﬁﬁﬂﬂﬂﬁﬂﬂﬁﬂﬁ.ﬁﬂ("Sc’\ﬂf\(“)

OO NN U DO e



Y ™y ;”‘, Yy

b

Dapsw

CPEAGRAM LTBRARY

SURRQUTINF POSMAT (AsNsIFRRsX)

THIS IS THE SURRQUTIME WHICH CHECKS FOR THE POSITIVE DEFINITENESS
e c SE

or MATRIX OF SEFICTENTS.

DIMENSION A{1)s X{(1)
THRR=N

DO 5 I=1sN
[1=1%{f{=1)/2

IN=1-1

IP=11+1

IF {(I.EQ.1) GO TO 2
DO 1 K=1sIN

IK=1I+K
ACIP)=A(IP)=A(IK)**D
CONTINUE

IT (A(IP)WLFa0s) RETURN
ALTIZI=50RTIA(IP))

IF {1.5Q.N) GO TO 6
IM=I+1]

DO 4 U=IMsN
Jd=J*{J=-1)/2

IJU=UJd+1

IF (I.FQs1) GO TO 4
DO 3 K=1s1In

IK=11+K

JK=JJ+K
ACTIY=A(TJ)=A(IK)*A(JK)
CONTINUE
ACTIY=ALTUY/A(IP)
CONTINUFE

DO 9 I=1aN
IT=I%(1~-1)/2

IM=T-+1

IP=11+1
A(IPY=1./A(1P)

IF (I.EQ.M)Y GO TO 10
DO 8 J=IMsN

Jl1=J-1

Jd=J*J1/2

AA:0.0

DO 7 “=1sJ1

Kd=JJ+K
KK=K¥*¥(K=-1)/2

ITK=KK+I
AA=AA+A(TK)Y®*A(K])
CONTINUE

1J=JJ+1

IP=J+JJ
A(TJY==AA/ALIP)
COMTINUFE

CONTINUE

IFRR=0

I=N

DO 12 11=15N

A/\:OOO
[U=0I%(TI+1))/?
J=1

FOR REFERENCEF

MCMASTER UNIV.

CAvAvivivivivivivivEvEeBvBvie,
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11

17

173

14

DO 11 JJ=1s1
AA=AA+ALT S X (J)
J=J-1

TJ=1J-1

CONTINUF

AT )Yy=AA

I=1-1

CONTIMNUE

DO 14 TI=1sN
AA=0.0
1Jd=(1%(1+1))/2
DO 13 J=TsN
AA=AA+A(T I X (L)

INERINE N

CONTINUE
X(I)Y=AA
CONTINUE
RETURN
END

cpToT

0078

Q<DOCJOCJUQJOCDUCDUCDUC70(DG

63

i
&7
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6
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6.6
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N

I

STy

SUSRAUTINE DETERM (A,NsDsL M)

AT

pootrad C TBRARY INDEL

—f e

-
s
i

DIFMEAS078 ACT)s LOT)s M1

BS{BIGA)—~ABS(A(IJ))) 12252

J=i i)

IF (J~K) 5553
KI=K=N.

DO 4 T=1sN
KT=KT+N

HOLD==A (K1)
JT=KI—K+]
ATKTY=ALJT)
ACJT)=HOLD
CONTINUE

1=M(K)

IF (1-K) 85856
JP=N*(1-1)

DO 7 J=1sN
JK=NK+J

JI=JP+J
HOLD=~-A(JK
ACJK)=A(JIT)
ACJT)=HOLD
CONTINUE

IF (BIGA) 10,9510
D=04.0

RETURN

DO 12 T=1sN

IF (I-K) 11512511
TK=NK+1
ACTK)=A(TIK)/ (=BIGA)
CONTINUE

DO 15 I=1sN
TK=NK+I
HOLD=A(TK)

1J=1-N

DO 15 J=1sN
[J=1J+N

[F (T-K) 13515513

10 LOFEFFIC SN 5. FOR REFERENCE SEE

TS THE SuBRMLY wF WHICH CHECKS FOR THE SINGULARITY OF THE

MCMASTER UNIVERSITY
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e
B~ W

15

16
17

18

19

20"

21

22
232

25

26

IF (J-K) 14515514
KJg=TJ=-1+X

ACT ) =HOLD#A (KJ)4A(TY)

CONTIMUE

K J=K—-N

DO 17 J=1aN "~
KJ=KJ+N

IF (J=K) 16+17s16
A(KJY=ALKII/BIGA
CONT I #8UE
D=D*RTGA
A(KK)=1.0/BIGA
CONTINUE

K=N

K=K-1

IF (K) 26526520
I=L (K)

IF (I-K) 232523521
JA=N#(K-1)
JR=N*(1-1)

DO 22 J=1>-N
JK=J0+J
HOLD=A{JUK)
JI=UR+J
AlJK)==A{JI)
ACJTI)=HOLD
CONTINUE

J=M(K)

IF (JU=K) 19519524
KI=K-N

DO 25 I=1-N
KI=KI-+N
HOLD=A(KI)
J1=K1-K+J
ALKI)Y==A(J])
ACJI)=HOLD
CONTINUE

GO TO 19

RETURN

END

cDTOT
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N U N

SUERAUTING DUTPUT (4o X sUSUM2 s IToIFCsTITsGaA] AMDA) = i
F 2

T#I5 IS THE SUBROUTINE WHICH OUTPUTS THE RFSULTS OF THFE PACKAGE Fooo3
. F 4

DIMENSION X(1)s G(1) F 5
IF (T77.70.1) WRITE (6+2) F 6
TEF (77 7.70.2) WPTITE (453) F 7
WEITT (fss) USUMD F )
DO 7 I=1sK = 9
WRITE (595) TeX{i)sTsG(I1 F 10
CONTINUE Foo11
WRITE (6s8) 1T F 12
WRITF (6-7) IFC F 13
WRITE (658) ALAMDA F 14
RETURN F 15
F 16

Foo17

FORMAT (1H1215Xe25HRESULTS AT LAST ITERATIONs/ 216X s25 (%—3%)) F 18
FORMAT {(1H1510Xe*THE OPTIMAL SOLUTION OBTAINED USING MASSARA-FIDLE F 19
TR ALGORITHM o%s/911Xs62(%=%)s/) F 20
FORMAT (1HOs11Xs*THE MINIMUM SUM OF SQUARES (OBJECTIVE FUNCTIONY = F 21
1%92XsE16e857) Foo22
FORMAT (1HOs 11 Xo%X {35 12%)=%32XsF1668519X0%¥G(%512s%)=%32XsE16,85/) F 23
FORMAT (1HOs11Xs%#THE NUMRER OF ITERATICNS PERFORMEDcesesasscnansa= F 24
1%¥e2Xs 155 /) F 25
FORMAT (1HC» 11X s*THF NUMBER OF FUNCTION EVALUATIONSewousessssaans= F 25
1#92Xs155/) Foo27
FORMAT (1HO» 11X s #FINAL VALUE OF PARAMETER LAMDAscsessssscosssasas= [ 28
1% 2X9E14a6) F 29
END F o 30-

CDTOT 0030



