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ABSTRACT

The  mu l t i p l e - f au l t  l o ca t i on  p rob lem fo r  ana log
c i r cu i t s  i s  t r ea ted  on  t he  bas i s  o f  t he  noda l -
e q u a t i o n s .  T h e  a v a i l a b i l r t y  o f  v o l t a g e
measu remen ts  due  t o  cu r ren t  exc i t a t i ons  i s  ass l t i l ed
by  t he  me thod .  Topo log rca l  r es l r i c l i ons  on  t he
poss j . b r l j . t y  o f  f au l L  l oca t i on  f o r  a  g r ven  se t  o f
measu remen ts  a re  f o rmu la i ed .  The  emphas i s  i n  t h j . s
p a p e r  i s  o n  l o c a t i n g  s u b n e t w o r k s  o r  r e g  i o n s
con ta l n i ng  a l l  t he  f au l t s  o f  t he  ne two rk .  Coa tes
f low-graph representat ion of  a network is  used for
t opo l , og i ca l  cons ide ra t i ons .

INTRODUCT ION

Tes t i ng  o f  ana log  c i r cu i . t s  I { i t h  t he  a i n  o f
f au l t  l o ca t i on  i s  impo r tan t  j . n  ne iwo rk  ana l ys i s .
T h e r e  a r e  d i f f e r e n t  a p p r o a c h e s  t o  t h e  p r o b l e m
depend lng  on  t he  i n f o rma t i on  ava l l abLe  f r om tes t s
conducted on the network.  CeneraI Iy.  the netuork
topology ls  knom and we t ry to ident i . fy  the faul ty
elements and evaluate them. I f  the nutber of
neasu remenLg  i s  l a rge  enouSh  we  can  eva lua te  a I I
e l emen ts  and  s i ng le  ou t  t he  f au l t y  ones  t l , 21 .
However,  when the nunber of  measurements is  l imj . led
we can ul re var ious methods to predict  regions where
fau l t s  may  appea r  t 3 , 41 .  To  ve r i . f y  whe the r  a
p r e d i c t e d  r e g i o n  c o n t a i n s  a 1 I  t h e  f a u l t s ,  t h e
n u l t i p l e - f a u I t  l o c a L i o n  m e t h o d  b a s e d  o n  t h e
mu l . t i po r t  desc r i p t i on  o f  a  neLwork  can  be  used  [ 5 ] .

In lh is paper r  we present a method based on
the  noda l  equa t i ons .  Topo log rca l  r es t r i c t i ons  on
mu l t i p l e - f au l t  I oca t i on  a re  d l scussed  and  i t  i s
shour how they may be ef fect iveLy used to locate
f a u l t y  r e g i o n s .  S o m e  p r a c t i c a l  r e m a r k s  f o r
e f f e c L j . v e  c a l c u l a t i o n s  a r e  g i v e n . .

MULTIPLE-FAULT VERIFICATION BY NODAL EQUATIONS

In th is sect ion we discuss the method of
nu lL rp l e  f au l t  l o ca t i on  on  t he  bas i s  o f  t he  noda l
equa t r . ons .  The  p r : - nc i pa l  d r f f e rence  be tween  t he
nodal  and the mul t i .port  approach is  that  in the
m u l t i p o r t  a p p r o a c h  w e  a i m  t o  f i n d  c h a n g e s  i n
element values rrhereas in the nodal  method we
des rSn  l he  ehanges  rn  noda l  cu r ren t s  onLy .  Changes
r.n e lement values can be co.nputed by the nodal
me thod  a fLe r  t he  ne two rk  t opo logy  i s  cons ide red .

T h i s  w o r k  r , r a s  s u p p o r t e d
Sc iences  and  Eng inee r i ng  Resea rch
unde r  G ranL  A7239 .

b y  t h e  N a t u r a l
Counc i l  o f  Canada

l l oda l  Equa t i ons  f o r  Fau l t y  Ne two rk

Le t  us  assume  tha t  t he  ne two rk  has  n+ l  nodes ,
n  o f  t hem access ib l . e ,  and  f  <  m  r s  Lhe  nunbe r  o f
f au l t y  e l emen ts ,  The  noda l  equa t i ons  f o r  bhe
no.ninal  values of  the elements have the form

Y  V  :  J .

F o r  t h e  f a u l t y  n e t H o r k ,  a s s u m i n g  b h e
exc i t a t i ons .  we  ob ta i n

( Y + a Y ) ( V + A V ) = J ,

( l )

s a n e

( 2 )
Thus

I A y = _ ^ : y "  ( 3 )

where  V r  =  V  +  dV  i s  t he  vecLo r  o f  noda l  vo l t ages
in  t he - f au l i y  ne i i o r k .  We  can  compu te  AV  assun ing
tha t  I  i s  nons ingu la r  and  ob ta i n

- 1
a I = - !  a I ! ' .  ( ' r )

Le t  us  deno te  6J  =  -  AY  V r .  AJ  rep resenLs
c h a n g e s  i n  n o d a l  6 u r r e n t J  6 a u s e d -  b y  f a u l t y
e l emen ts .  The  re l a t i on  (4 )  becc rnes

a v  =  Y - '  A J .  ( 5 )

lJe can assune that  a few elenents are faul ty,  j .n
rrh ich case AJ has the form

( 6 )

vo l tages  can be

( 7  )

nodes and M the

rher e

. , -  l
I

ReI  a t  i on
neEwork

a v M  =  2 " ,  A J F ,  ( 8 )

r -'l

te-I
r j=JaJ '1 .

lo  I
L -  J

Assunj .ng that  the f i rs t  m nodal
measured we obtain

l - ^ , to  I  [ . - l
|  |  - 1  |  F l
I  i : Y  l d J ' l

l ^ , , * -* l  -  l :  I
L ' :  )  L Y J

where  N  i nd i ca tes  t he  se t  o f  a l l
se t  o f  measu remen t  nodes .  Hence ,

F z  
- ] G  

7  a  
- l

|  :uru |  l :u t  :HF zMZ I= i  l = l  l .

LZr-",*J [_lrr-u. r Zu-u.n Zr,r-u,eJ
( 8 )  has  t o  be  sa t i s f j . ed  when  t he  se t

nodes  i nc l udes  a l l  nodes  assoc ia ted

( 9 )

F  O I

r.l']. th



have  a ; [  =

fau ILy  e l emenLs  rn  Lhe  neLwor i ( .

Reduc t i on  o f  t he  t l umbe r  o f  Equa t i ons

I l  i s " c l ea r  f r om  re l aL ion  (B )  t ha t  i n  o rde r  t o
des ign  AJ '  we  musL  have  a t  l eas t  1  +  ca rd  F
measu remen t  nodes .  I f  t he re  i s  an  i so l , a t ed  f au l t
i n  Lhe rneLwork  i i  causes  changes  i n  two  e l emen ts  o f
the d/ '  vecLor.  In the exanple shown ln Fig.  I  we

neLworK  a re

f

I =LLd '  ( 1 r )

where  t he  e l emen t  l j  o f  I _  i s  equa l  t o  l  i f  Lhe  . i Lh
e d g e  1 s  d i r e c t e d  b o w a r d s  t h e  i t h  v e r t e x ,  o L h e r w l s e
ze ro ,  and  t he  e l emen t  r . i  o f  t r  r s  equa l  t o  1  l f  t he
j t h  edge  i s  d i r ec ted  away  l r om the  i . t h  ve rLex ,
o the rw i se  ze ro  and  I .  i s  a  d i agona l  ma t r i x  o f
e l emenb  adm i t t ances .  

-

The  subma t r i . x  Y  (F iE )  can  be  D resen ted  i n  t he
fo rm  t6 l

I ( r l r l  = ] - " L f , ,  ( r 2 )
r y _ f  - e  * L

w h e r e  I  -  ( I  - )  i s  o b t a i n e d  f r o m  f  ( f  )  b y- + L

r emov ing  rows  F  (E ) ,  r espec t i - ve l y .

Fo l - l ow ing  S ta r zyk  e t  a l .  [ 6 ]  we  can  f o rmu la te
the  f o l l ow ing  bheo rem.

Theo ren  1

I f  d e t  Y  ( F i E )  *  0  t h e n  t h e r e  e x i s t s  a t  l e a s l
one  k - connecL ion  c "  i n  t he  g raph  G(F iE )  ob ta i ned
f rom the  Coa tes  g ra [h  o f  t he  ne two rk  a f t e r  de le t i ng
al l  the edges incomj.ng to nodes F and al l  the edgeg
ou tgo ing  f r om nodes  E ,  whe re

S  =  { ( v  .  v  ) :  v  e  F n ( N - E ) .  v  €  E n ( N - F ) } .  ( 1 3 )
S '  C  S  E

c a r d  S  =  c a r d  ( E  n  ( N - F ) )  =  c a r d  ( F  n  ( N - E ) ) .  ( l q )

( v  ,  v  )
3 e

v^  Lo  t he
nooes

T h e
su f f i  c i en t
Theorem 1

rep resen t s  a  pa th  d i r ec ted  f r om the  node

node  ve ,  and  N  i s  t he  se l  o f  a I I  g raph
LJ

c o n d i . t i o n  s t a t e d  i n  T h e o r e m  1  i  s
almost  everywhere.  As a consequence of

we have an j .mportant  corol lary.

AY"UI  =  -  o r : .  In  such a  case vec tor

I r
,l/

I a.rl

F ig .  1  Changes  l n  noda l  cu r ren t  caused  by  a
s i , ng le  f au l l .

A J ' w i I l  c o n t a i n  v a r i a b l e s  w h r c h  a r e  n o L  j . n d e p e n -

den ! .  We  can  t r ans fonn  bhe  equa t i on  (8 )  t o  r educe
the  co lumn  rank  o f  t he  coe f f j . c j , en t  ma t r i x  ZMF .  The
r e d u c L i o n  r e a l i z e d  d e p e n d s  o n  t h e  l o c a c ' i o n  o f
d i f f e ren t  f au l t s .  Le t  us  d i scuss  t he  f o l l ow ing  two
c a 8 e 3 .

' 1 .  
I f  an  i so l a ted  f au l t  appea rs  be tween  nodes  k

a n d  J  ( s e e  F i g .  l )  b h e n  e q u a t i o n  ( 8 )  e a n  b e
mod i f i ed .  We  may  rep lace  co lumn  k  o f  ma t r i x  L ro  by
the di f ference of  columns k and j  and remov€t co- lunn
j  as wel l  as the Jth cornponent of  vector  AJ^ .

2.  I f  connecLed faul ts form a subtree" in the
network then the number of  var iables in Aj '  ean be
reduced by one in s imi lar  way to Case l .  The
reduct ion holds for  every connecLed subgraph formed
by  f au l t y  e l . emen ts .  I f  t he  subg raph  con ta i ns  a
c r r cu iL  t hen  Lhe  number  o f  va r rab les  can  no t  be
reduced .

TOPOLOGICAL RESTR ICTIONS

A  n e c e s s a r y  c o n d i t i o n s  f o r  s o l v a b i l i t y  o f
equa t i on  (8 )  i s  f u11  co lumn  rank  o f  ma t r i x  l r r ,
wh i ch  i s  equ i , va l en t  t o  t he  ex j . s l ence  o f  a  squa re ,
nons ingu la r  ( ca rd  F )  x  ( ca rd  F )  subma t r i x  o f  ZUF .

Le t  Ze r  deno te  a  squa re  subma t r j . x  o f  Z . -  and  Y
( r i E )  a e i " o " g e  t h e  s u b m a L r i x  o f  y  o u r i f l e o  b t
r e m o v i n g  F  r o H s  a n d  E  c o l u m n s .  U s i . n g  L h e
equ i  va I  ence

6 s t  3 g F  *  0  ( : )  d e t  y  ( F i E )  +  0  ( i 0 )

we  can  f i nd  Lopo log i ca l  r esL r i cL i ons  f o r  t he  f au l t
l o c a t i o n  p r o b l e m .  L e t  u s  a s s u m e  L h a t  t h e
t o p o l o g i c a l  e q u a t i o n s  f o r  L h e  n o d a l  a d m i f L a n c e
ma t r i x  and  Lhe  Coa tes  g raph  rep resen ta t l on  o f  t he

Cor-ol lary 1

I f  d e t  I  ( F i E )  +  0  t h e n  a f t e r  d e l e t i n g  a l l  t h e
edges outgoing f ron nodes E and i .ncornlng to nodes F
the re  a re  no  i so l a ted  nodes  i n  t he  se t  N  -  (E  n  F )  E

To locate the faul ts of  e lements inc ident  l r i th
nodes  F  such  t ha t  a f t e r  deLe t i ng  a l l  t he  edges
inconlng to nodes F some of  them become isolated,
we  mus t  i nc l ude  a I I  o f  t hese  i so l a ted  nodes  i n  t he
set  E,  whj .ch means that  a l l  of  them must be
a c c e s s i b l e  n o d e s  ( i . e . ,  t h e  n o d e s  a t  l r h i c h  v o l t a g e s
can  be  measu red ) .

L e t  u s  i .  n v e s t  i  g a t e  b h e  p r o b l e m  o  f  t r . r o
subnetworks the graphs of  which have c common nodes
when  c  j  ca rd  F .  I n  t h i s  case  we  can  no t  i c l en t i f y
t he  f au l t s  appea r i ng  i n  one  o f  t he  subne two rks  by
measu r i ng  Lhe  voL taBes  l n  t he  second  on l y  because
the k-connect lon required by Theorern 1 does noL
ex i s t .  Bu t  even  1n  t h i s  case  we  s t i l l  have  t he
poss ib i l i t y  o f  j . denL i f y i ng  t he  f au l t y  r eg ion ,  whe re
w e  c h e c k  w h e t h e r  o r  n o t  b h e  o n l y  f a u l L s  a r e
i n c l u d e d  i n  a  s u b g r a p h  i s o l . a t e d  f r o m  c + l
measu remen ts  by  a  c  common  nodes .



I n  Lhe  case  l r hen  f  f au l i s  appea r  i n  a  subg raph
connected to the re3t  of  the graph through c common
nodes ,  we  mus t  have  a t  } eas t  f - c+1  measu remen ts
i ns i de  t h i s  subg raph  Lo  i den i i . f y  a I I  t hese  f au l t s
( s e e  F i g .  2 ) ,

F i g .  2  I l l u s t r a t i on  o f  necessa ry  measu remencs .

T o  e n s  u r e  t h a t  t h e  s y s t e m  o f  e q u a t i o n s  i  s
o v e r d e t e r m i n e d  w e  s h o u l d  h a v e  a t  l e a s t  t w o
nons ingu la r  ( ca rd  F )  x  ( ca rd  F )  subma t r i ces  o f  U i l F .

Lemma _1

I t  L *  i s  a  nons ingu la r  f u l l  co l umn  rank

submatr ix  of  luf  ana 3l  is  a nonzero row of  Zra not

be long ing  t o .3e f  t hen  t he re  ex i s t s  a  nons j . ngu la r
T

sub{natr ix  of  3Nf that  contains g,  D

.Proof

Since rank fo,. = rank_Zef th" .o" 3l i" 
"

l inear combinat ion of  rows Li  ,  Zut ,  i  e I .  I f  we
T  .  T - .

r emove  row  
4 i ,  k  e  I ,  bhen_3 i  w i l f  be  l i nea r l y

independent f rcn the rows z l ,  i  € I  -  {n}- ,  and

because of  the J. inear independency of  roers y '  wr l l

f o rm  a  new  se t  o f  l i nea r l y  i ndependen t  r ows  {3O ,  Z ,
:  i  (  I ,  i  /  k ]  t r

C o r o l l a r y  2

I f  ! u ,  c o n t a r n s , ,  a  4 l . r o  r o H  a n d  t h € t
co r respond ih i  vo l t age  AV"  €  AV"  i s  nonze ro  t hen  AJ^
does not  represent aI l  the f lu l ts  in the networf ,
t he re fo re ,  o the r  cand ida tes  f o r  f au l t s  shou ld  be
cons ide red  O

To fu l f i l l  the condi t ion stated in Lhe Lemma l
i t  i s  su f f i c i en t  t ha t  t he re  ex i s t s  a  node  i  e  M-E
wh i ch  i s  t he  o r i . g i n  o f  a  pa th  i ncom ing  t o  one  o f
t he  F  nodes ,  and  i f  a f t e r  de le t i ng  t he  edges
inc i den t  t o  t h i s  pa th  t he  rema in i ng  g raph  con ta i ns
a t  l eas t  one  0 - connec t i on .

E IemenL  z ; ;  e  Z_u r  i . s  ze ro  when  t he re  i s  no
paLh direcLed 

^f l 'orn 
t f ib node i  to j  or  for  every

such  pa th  i f  I  deno tes  bhe  se t  o f  nodes  be long ing
to  l he  pa th  de t  ! ( I l I )  :  0 .  The  l a t t e r  case  i s
r a r e  i n  e l e c t r o n i c  c i r c u l t s .

SOME PRACTICAL REHARKS

B i e r n a c k i  a n d  B a n d l e r  t 5 l  s t , a L e d  L h a t
cond i t i on  ( 8 )  i s  sa t i s f i ed  i f  and  on l y  i f  t he
fo l l ow ing  re l a t i on  ho lds

M(tr{F - 1) a[' = 9, (  1 5 )

l the re

7  =  7  t 1 '  7  \  7  '  
( 1 5 ):+,tF - :+1F .:{F q{F, +{F.

Now we propose a s impler  meLhod which can be
u s e d  t o  v e r i f y  t h e  c o n d i t i o n  ( 8 ) .

O n e  c a n  p r o v e  t h a t  t h e  s o l u t i o n  o f  t h e
equa t l on

A  x  :  b , ( 1 7 )

whe re  A  i s  an  nx f  f u l l  co l unn  rank  ma t r i x  f  (  m ,
ex r s t s  i f  and  on l y  i f  i t  can  be  t r ans fo rmed  t o  t he
form

(  1 8 )

colurnn vector
i .s  a l  so more
o f  t he  se t  o f

e q u a t l o n s .

F o r  i 1 1 - c o n d i t i o n e d  s y s t e m s  t h e  m e t h o d  o f
Householder or thogonal  t ransformat j .ons can be used
to  r educe  t o  ze ro  t he  subd iagona l  e l emen ts  o f  A
f ? l

For  p racL i ca l  s i t ua t i ons  when  bo th  measu remen t
e r r o r s  a n d  e f f e c t s  o f  t o l e r a n c e s  a p p e a r ,  t h e
techn ique  p roposed  by  Band le r .  B i e rnack i  and  Sa lama
[8 ]  can  be  used .  I n  t he  f i r s t  s t aSe  o f  compu ta t i on
we  so l ve  an  op t im i za t i on  p rob lem tha t  can  be  s ta ted

0

10n

X X

: '

0

pul  at
e n L s ,
obta

a f t e r  r ow  man i
having f  e lern
conveni .ent  for

I  s ' l
t l

t l
t l

x : l  - -  |- t l
t ^ l
L Y J

b l  i s  a

r m '  (  1 8 )
sol ut i  on

x l

* l
I.:l

' l
---- |

I
I

)
,  where

1 n e  I o

n g  t h e

rninim j .ze i , ,  ,  ,*" ,  orf  )  |  + t Im(  ̂Jf  )  |  ) (  1 9 )

s u b j e c t  t o  I i n e a r  e q u a t i t y  c o n s t r a i n t s  ( 8 ) ,
So lu t i . on  o f  t h i s  p rob }em g i ves  us  t he  mos t  l i ke l y
f au l t y  e l emen ts .  Then  t he  ve r i f i ca t i on  t echn ique
i .n the presence of  to lerances can be used t ,o check
( 8 )  i n  t h e  w a y  d e s c r i b e d  i n  [ 8 ] .

E x a.mpIe

C o n s i d e r  t h e  a c t i v e  l o w p a s s  f i l l e r  h a v i n g
s l r uc tu re  shov rn  i n  F i g .  3 .  Heasu remen ts  have  been
taken  a t  nodes  10 ,  12 ,  ' 15  

and  12 .  We  decompose  t he
Sraph  o f  t he  ne two rk  i n t o  t h ree  subg raphs  as  shown
in  F ig .  q .  We  may  check  t he  necessa ry  cond i i - i on
(8 )  f o r  t he  subneLwork  wh i ch  con ta i ns  a l l  Lhe
neasu remen ts  and  f i nd  i t  t o  be  f au l t  f r ee .  I n  ! h1s
c a s e  t h e  s e t  F : { 1 0 , 1 5 , 1 7 }  r e p r e s e n l s  a l l  t h e  f a u l t y
nodes  t ha !  can  appea r  w j - t h i n  i nc : , denL  subne two rks .
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Fig.  4 Deconposi t ion of  the graplr  of  the act ive
f i l t e r  i n t o  subg rephs .

CONCLUSIONS

The  me thod  p resen ted  ex tends  ! he  poss j . b i l i t i e s
o f  r nu l t j . po r t  me thods  f o r  mu lL i p l e - f au l t  l o ca t i on .
Topo log rea l  r es t r i c t i ons  d j . s cussed  i n  t he  pape r  show
tha l  i n  some  cases  f auL t s  canno t  be  i den t i f i ed  i f
lhe measurements are imposed i .n the wrong place.
Mu I t i p l . e - f au l t  l o ca t l on  ana l ys i s  i s  necessa ry  when
w e  w a n t  t o  i s o l a l e  f a u I L s  i n s i d e  a  s u b n e t w o r k
H i . t h o u t  a  s u f f i c i e n L  n u m b e r  o f  m e a s u r e n e n t s  t o
i den t i f y  a I l  subne two rk  componen ts .

T h e s e  t o p o l o g i c a l  r e s t r j . c t i o n s  c a n  b e
e f f ec t i ve l y  used  when  we  i nves t i ga te  a  subne lwo rk
i ns tead  o f  t he  who le  ne two rk .  A l l  t he  f au l t s
o u t s i d e  L h e  j . n v e s t i g a L e d  s u b n e t w o r k  c a n  o e
app rop r i a te l y  r esp resen ted  by  assun ing  as  f au l t y
on l y  ! he  common  nodes .  Th i s  ne lwo rk  pa r t i t i on i nB
in to  f au l l y  o r  non fau l t y  r eg ions  w i l l  be  use fu l  i n
f au l l  ana l ys i s  o f  I a rge  ne two rks .

T h e  a u t h o r s  b e l i e v e  t h a t  t h e i . r  a p p r o a c h
L o g e L h e r  w i t h  t h e  p r a c t j . c a l  r e m a r k s  p r e s e n t e d
pe rm i t s  r no re  oppo r tun i . t i e s  f o r  e f f ec t i veLy  so l v j . ng
fau l t  l o ceL ion  p rob lems  i n  l r nea r  ne two rks .

I owpass  f i l t e r  exa rnp le .
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