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Wave Sensitivities of Networks

JOHN W. BANDLER, MEMBER, IEEE, AND RUDOLPH E. SEVIORA, MEMBER, IEEE

Abstraci—A theoretical foundation is presented for the efficient
computation of first- and second-order sensitivities of networks with
respect to network parameters in terms of wave variables. The con-
cept of the adjoint network is used. First-order sensitivity formulas
for a wide variety of elements are presented, including lumped and
uniformly distributed elements, active and passive elements, and
reciprocal and nonreciprocal elements. Parameters include electrical
quantities, geometrical dimensions, and frequency. It is shown how
gradients related to wave-based least pth and minimax objective
functions can be computed. A comparison with a method which avoids
the need for analysis of adjoint networks is made. Applications in the
computer-aided design of networks using efficient gradient minimiza-
tion methods are envisaged.

I. INTRODUCTION
&_ RECENT PAPER by the authors [1] reviewed

Tellegen's theorem and showed how it can be

used in the derivation of the adjoint network
method [2] of evaluating sensitivities of lumped [3] and
distributed [4] networks in the frequency domain using
voltages and currents. The advantages of the adjoint
network method in terms of ease of implementation and
computational efficiency in computer-aided network op-
timization should now be widely appreciated.

It is inconvenient, if not impossible, to work with cur-
rents and voltages for certain classes of networks. In the
microwave region, for example, a wave description of
networks is often preferable. It is the purpose of this
paper to show how first- and second-order sensitivities
and gradients, with respect to network parameters, can
be evaluated directly in terms of wave variables employ-
ing the concept of the adjoint network.

A theorem for scattering variables which holds for
properly chosen subnetworks is first presented. This
theorem, which is proved without recourse to voltages
and currents, is considered more general than similar
results presented previously [5]-[7]. It forms the basis
for the derivation of the methods for evaluating the
sensitivities. Finally, the methods are related to a
method which avoids the analysis of an adjoint network
and uses only the results of an analysis of the given net-
work [8].
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Fig. 2. Representation of incident and reflected waves

within a subnetwork,

11. A THEOREM FOR SCATTERING VARIABLES

Consider a network composed (in general) of one-port
and multiport elements. Let the normalized incident
and reflected waves at every port be denoted a and b,
respectively. Consider a second network also composed
of one-port and multiport elements. Let the normalized
incident and reflected waves at every port be denoted
a and B, respectively. Now consider the subnetworks of
each network chosen, as illustrated in Fig. 1, such that
1) the topologies of both subnetworks are the same, 2)
all ports for all junctions in the subnetwork are included,
and 3) corresponding ports of the two subnetworks are
similarly normalized. Let

[

ag = I'ghg 1)

and

as = TsBs 2

where (see Fig. 2) ag and bg contain all the incident and
reflected waves in corresponding ports of the first sub-
network, ag and @g contain the corresponding quanti-
ties in the second subnetwork, and I's accounts for
topology and normalization.!

1 If each junction has only two ports normalized to the same real
numbers, I'' will contain elements of value 0 or 1.
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Fig. 3. Two-port junction with element normalization numbers 2,
and z,. Note that to obtain the appropriate scattering matri : of
the junction, we must assume normalization numbers z;* and z,*
(see footnote 2).

T heorem

(Lawhs)T Lagtts — (Lopas)T LagBs = 0 (3)
where Ly and L,s are operators such that
Laas = La(Tshs) = T'sLabsg 4)
and ‘
Lagots = Log(TsBs) = TsLagBs. ®)

Proof: Assuming reciprocal junctions, I's=Is? so
that

(Labs)T Lagats — (Lavas)T LagBs
= (Labs)” Los(TsBs) — (Lap(Tshs))” LagBs
= (Labs)T(Ts — T'sT) LosBs
= .

A special case of (3) is
bsTag — asTgs = 0. (6)
Discussion

Since the theorem applies to subnetworks of the same
topologies, it clearly applies to two complete networks
of similar topology. Furthermore, the validity is not
affected by differences in elements or element values.

Consider the subnetworks containing two-port junc-
tions as shown in Fig. 3. I'g reduces to the scattering
matrix of the junction, say Sy, e.g.,

1 2¥ — 31 2/rirs
g =5 = _———[ ’ ' v m:| (7)

2* 4 2L 24/ 5 — 3

where 71 = Re(z1) and 7a=Re(z).2 The theorem is satis-
fied since S;7=S;. Any practical multiport waveguide
junction can be considered in the same way. Since the
theorem is satisfied at any junction, it is satisfied at any
collection of junctions.

In the authors’ opinion, the derivations presented
here are more general than previous ones. Monaco and
Tiberio [6], for example, considered the complete net-
work with adjacent element ports occurring in pairs and
normalized to the same real numbers. Penfield, Spence,

2 In order to satisfy the compatibility condition under complex
normalization [9, p. 285], the scattering matrix of the junction has
been written in an unconventional-looking form.
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Fig. 4. Representation of a network with internal and
external waves (see footnote 3).

and Duinker [5] used voltage and current concepts in
their derivation via a generalized form of Tellegen’s
theorem.

Corollary

bz T [0 47

br :I) Laﬁ |:Oll :|

O EHE
ar Br

where (as indicated in Fig. 4) subscripts E and I dis-
tinguish waves associated with all exfernal unconnected
or excited ports of a subnetwork from waves associated
with the remaining internal or connected ports, respec-
tively.? The quantities with subscript I must satisfy
(3). The terms on the left-hand side of (8) also appear
on the right-hand side; hence (8) is valid.

(Labg)TLogoty — (Lpag)"LagBs = <Lab|:

I1I. F1rRsST-ORDER SENSITIVITIES
The Adjoint Network

Suppose a parameter ¢ in a given excited network is
to be varied without affecting topology. Further, let it
be contained in a multiport element characterized by a
scattering matrix S such that

b = Sa. )
Then
b 3S da
—=—a+S5S—- (10)
96 9o a6
Using (8), we may write
abET aaET
Qg ———
99 d¢

0 [bx Tro J [ar r
-GLD LG T o
do Lbr o do Lar B
Note that the variables « and 8 refer to an adjoint net-
work. The terms relating to the element under consider-

8 Quantities within the domain of ag and by for convenience are
assumed to flow across sets of two-port junctions. To facilitate this,
there are no changes of normalization across any junctions which are
external to the networks. Any accommodation of renormalization or
multiport junctions is accomplished without loss of generality within
the networks.
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TABLE I
Matrix Original Adjoint Expression Yielding
Type Element Element Sensitivity
Scatteri b=S5 g = sTa a'”a—ér a
cattering 2 'V% 4 A a2 34) 2
T T
Multiport Loy T2 N bs s :{a T B T T \aq) 3 ~r
trans fer = = b
scattering® T 6| |-tF 1F R I S
cattering Ar ac ad| |3 AS ab  ad |]ar - 3%— —a-'r;;— 9
T
= N
det T aq .
T P
Two~port b I T v |0 T
X . n
transfer with 2 b with o 8 D) 1 p
scattering u b8 ‘P u A a A P v b a 0
np - g * ap = ~q =
bp aq BP “q
& See footnote 5.
ation on the right-hand side of (11) are, using (10), izing (16),
asT daT
al — o+ — [STa — 8] (12) G = D a,Vb; (17)
d¢ a¢ €8
which, defining where G is a vector of sensitivities, V denotes the gradi-
8 = ST (13) ent vector, 1.e.,
d 9 9 T
reduces to L AN [_ e — : (18)
aST (9(}51 a¢2 ad)k
al — a. (14) . .
9¢ and E is the set of external or excited ports.

Equation (13) defines the corresponding element of the
adjoint network. If all adjoint elements are similarly
defined, all terms of the right-hand side of (11) except
(14) drop out giving

aaET GST

95" T (15)
64& [+ %> 6¢ @E—a 6¢QC.

Assuming the network is matched (the terminations are

equal to the normalization numbers), dag/d¢ =0 giving*
obgT oST

ap=al—a=G (16)

9 ¢

where G is a sensitivity relating to parameter ¢. General-

¢ Similar results have been derived by Monaco and Tiberio [6].

Observe that (16) or (17) relates changes in port re-
sponses to changes in element or parameter values. Fur-
ther, the elements of G are obtainable from two net-
work analyses: one of the original network and one of
the suitably excited adjoint network. Table I sum-
marizes these results and the results for other matrix
descriptions of interest including the transfer scattering
matrix.? Note also that the adjoint of a reciprocal ele-
ment is identical to the element itself, as is expected.

Derivation of Sensitivities

To evaluate the sensitivities, one needs to know the
partial derivatives of the element scattering matrices.

_ 5 The multiport transfer scattering matrix describes a network
with an even number of ports, half of which are designated » and the
rest s.
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For many common design components these can usually
be found after some manipulation. For real normaliza-
tion we can frequently write [10]

5 + ! (1—5% 19)
9 2 (
where 1 is the unit matrix. In this case
aSsT 1
a’ —a =1+ —al(l — 83T
0¢ 2¢

1
—_ T T
= 4 %% (aTo — bTB). (20)

Another situation which is readily exploited is when

3§ = — kS (21)
¢
where % is some constant. In this case
aTa—S;T- a = — ka’B. (22)
d¢

Tables IT and IIT present sensitivity expressions for
a selection of components of interest with respect to
useful parameters. Table III extends the results for
some of the general elements of Table II to more spe-
cific elements.

Gradient Computations

Consider the design of a one-port. Suppose it is de-
sired to optimize the reflection coefficient. With p=b5,/a,

1
Vp = — Vb1 (23)
a1
so that, using (17), we get
1
Vp = G. (24)
ai101

Consider Fig. 3. Suppose it is desired to optimize the
insertion loss. Using (17) and

1
VS = — Vb, (25)
a1
we get
1
VS = G. (26)
a10s

Vp and V.S, are evaluated from the results of analysis
of the original and adjoint networks. Any suitable anal-
ysis method will do. Vp and VSu, for example, are readily
used in evaluation of gradients of wave-based least pth
or minimax objective functions. We have already re-
viewed the procedure involved [1]. Here let us consider
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Fig. 5. Arrangement for insertion-loss design: as=ay=0.
the objective function
U= Zf ! ei(d, jw) l”dw 27)
i€BY @
where
ei($, jo) & wi(w)(bi(, jw) — d.(jw)) (28)

and where d;(jw) is a desired wave, w,(w) is a nonnega-
tive real weighting function, and @ defines the frequency
range of interest. Then

VU =2 | Re{p|eld,jo) [2wi(w)

IEEY Q
e (9, j0)Vbi(, j)} do. (29)
Comparing (29) with (17), if we let the adjoint excita-

tions be given by

ai = p| e, jw) |7 2wi(w)e* (¢, jo) (30)

then

vU =f Re {G} do. (31)
Q

The adjoint excitations are arranged to be zero at ports

whose response is of no concern. Unexcited ports, of

course, have zero excitations.

Sensitivities With Respect to Frequency

The foregoing results are easily extended to sensitivi-
ties with respect to frequency [11]. Now w will be com-
mon, in general, to more than one element. Equation
(16) must be changed to the formS$

db gt aS.T
Oy = a iT
Jw o ; Ow

O (32)

where

bi == Siai (33)

for some 4th element. Formulas for the right-hand side
of (32) have to be obtained for specific elements. For

¢ It is assumed that the network is so arranged that frequency-
dependent normalization numbers or frequency-dependent junctions
do not affect the I's of (4) and (5), which must be independent of fre-
quency.
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TABLE 11
Element and Equation Sensitivity Parameter
Normalization (scattering matrix) (component of S) (component of 2)
r z =¥ 1 tas - bp z
i+T 2Z
—{ "} - Vet
Z Z-c-rq Tp 2 TpTg 1 T
T 1‘qR’Z-rrﬂ* 2 7z @a-b8 Z
Pq ZJrPrq Z+rp--rq
i ] Y Y 4,
g b=1 g+Y (aa - bg) Y
v ,k -1 gp g G g a A (aTa - bTB) Y
g gq Y.-rgp-a-g T g-g.-Y ~ 2Y A aa
L P &q 4P |
1
b = 1 T T
v gl cothore r, 7 Bk Zo
O
b zo,e rq Zo(rq-rp)cothe ZZon/rprq cschd 1
T 2 sinh 8
X pa a
% che Z.( Jcothd N fP_
2z -Tr _Jco
0"¥pTq = 0 q () 0 5 (o) o
“rprq N A rj. a -8
I‘p 0
o0 as above with
Y..8 g
& Yo q 1 1 1 1,7 T
Zy=g— T = —— T = -— - 57— - b'B Y
—_— 0¥ o TaTg ¥, (g -b8 0
Short-circuited 2yR
waveguide Z, b =[-e"**]a
-2y af
Open-circuited _ a2yl
waveguide Z, b= e 1a 2
Uniform 0 e
waveguide b= a -y alg
24, ZO 4 e-yl 0 X LARY

the inductor entries of Table IIT we would have a con-
tribution of the form (1/2w)w, for the capacitor entries
— (1/2w)w; for lossless transmission lines using 8=w/c,
where ¢ is the velocity of propagation, we would have
(!/c sin2Bl)w for the short-circuit case and— (I/c¢ sin 281)w
for the open-circuit case, and so on. All one has to re-
member is if some appropriate 8S;/8x; are already avail-
able, then

aS: dx;

9S;
=2 (34)
dw 5, Ox; dw

Thus, for example, given 6 =jwl/c, the w-sensitivity of a
lossless transmission line is 7I/¢ times the #-sensitivity
shown in Table II.

IV. SECOND-ORDER SENSITIVITIES

Consider two distinct nontopological parameters ¢
and ¢ in the original network. Assume they are con-
tained in a multiport element with scattering matrix S.
Applying 3/d¢ to (10) we get

%

ddg

dS da
¢ Y

aS da d%a
I 9¢ de

EES
= —a
Yo

(35)

Using (8), we may write
b T d*agT

Qg — GE
dd 3y oo

0 br T g a aEg T @E
Gl ) Lo ]~ Guadlar ) L5 00
W | br o ol ar Br
The terms relating to the element on the right-hand
side of (36) are, using (35),

GEC) OS aa N 6a
T a o arf
Mde 8(;[) a¢ 630 845
2
S — 87 37
s —gn e (57)
Using (13), we can reduce (37) to
EN dS da 9S da
S LS R
g ¢ OY Iy 0¢
If  and ¢ are identical, we have
’ 9°S as oa
aT(Ha—I—.’Z—— —) (39)
A2 3¢ ¢
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TABLE II (CONTINUED)

Element and Equation Sensitivity Parameter
Normalization (scattering matrix) (component of 9] (component of ¢)
Trans former 2 VT ro -1
1 " g "¥pTq 2EE g
T Tg b= a 5 R Iy n
~  a°r s+r 2 n“r +r
2 -n“r 1 0
q p m’rprq LA q°p
r~ 2 - /____—
Gyrator . a -rprq 2a rprq WE T r 0 -1
T, T b=— 2 2 R b a
P’ q a u‘prq —20»’1‘})7{ a‘2_1,1)1_‘{ o +rprq 1 0
L L
Voltage 1 0
controlled b = a T
voltage source ~ T ~ 2/-2aa "
r, T 2 ;P- -1 rq Pq
P q L q
Voltage 1 0
controlled '
current Source R b s -z rprq apaq En
N -2g ¥ 1
p* "q En"TpTq
Current ! 0
controlled b = a 2 3%
voltage source v 2r, E /g;; T
r, T -
P’ q rx.
L Pgq
Current - Y]
controlled _ T
current source R - T a -2 —rﬂ- a_a 8
r, T -2fAg 1 P P4
P q T
L p
1 T, T,
: ] = QL £
0o f1-* o l-c
% b= 1-c2 0 cla where
:>< ~ by . <
1 2 (1] c 0 0 o
- 141 0 o
Directional ~
coupler -1 0
3 4 3
0 jf1-¢ 0 < 0 0 1 0
>< jf-c? 0 c 0 - pTj0 0 0 1y R
= v "
. SpY 0 c 0 3 1-c? IR (1) 2 2» 0
Directional . /_2 0
coupler < 0 3j1-¢ 0
If ¢ belongs to an element with a scattering matrix S, Summarizing the results thus {ar, we can write
and ¥ belongs to an element with a scattering matrix
Sy, the corresponding expression is H=7S aB; (42)
EF
6S¢ 6a¢ 65., 8a¢
o f — 2y g (40) : : o
3¢ oY ay 9¢ where H is a matrix of second-order sensitivities con-

taining expressions of the form of (38), (39), or (40), as
appropriate, and B, is the matrix of second-order deriva-

where subscripts ¢ and ¢ denote quantities related to tives of b;, namely,

the appropriate elements.
Assuming matched terminations, d%ag/0yd¢ =0 and

B; = VVTbi. 43
the left-hand side of (36) reduces to (3)

Equation (42) relates second-order changes in the
Q. (41) Dort responses to second-order changes in the element
IYo¢ or parameter values. The elements of H are obtainable

%b g’
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TABLE III
a s Sensitivity@ Parameter
Element Description (component of E) (component
o of 2)
Z'=R b W R
Resistor
Y=06 - ;—G W G
Z= jul v L
Inductor
N L
Yot i F
= L 1
Z= Em S 35 L S
Capacitor
Y=jwC - %:- w c
1
7z Zo
Z=1, tanh 6
T
sink 20 ¥ 6
Y = Y, coth 6
1
-~ 5y W Y
Short-circuited Ny 0
transmission T
line Z = jZg tan BL ﬁa-w Zy
Y = -j¥g cot g2 srbr ¥ 2
(lossless transmission 1 Y
lines) "7, w 0
1
Z5 ¥ %
Z = Zy coth 8
S S 8
sinh 26
Y = Yo tanh 6
1
~sy— W Y,
Open-circuited 2Xo 0
transmission 1
line Z = -jZg cot gL %W ZO
Y = jYq tan 62 T ¥ J)
(lossless tramsmission 1
lines) T2, w Yo
from one analysis of the original network, one analysis mit -
of the appropriately excited adjoint network, plus as e
many further analyses of the adjoint network as there sement | =% \><//
are ports of elements containing parameters to be — £ RN

varied. The reason for the further analyses is that (38),
(39), and (40) require the derivatives of incident waves
on these elements.

To compute these derivatives, let

B=0+6

represent the reflected waves from a certain element in
the adjoint network, where

g = ST

| (44)

(45)

defines the element. If, in particular, we are interested
in the pth port, then we set

ge=1[1 0.0 >(46)

~
f TN
port p junction ~
Fig. 6. Injection of a unit wave at some port p in the adjoint net-

work for evaluation of the sensitivity of a, in the original (see
footnote 7).

That is, only the row corresponding to the pth port is
nonzero. The situation is illustrated in Fig. 6.7
The right-hand side of (11) relating to the element
[see (12)] becomes
- + o [ST ’ (47
al' —oa+ — |STaa — ' — 3
2% % g — 6

7 The reason for making it unity is to obtain simple formulas.
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TABLE III (CONTINUED)

145

a s Sensitivit a Parameter
Element Y
Description (component of G) (component
v of ¢)
1
v %
as for transmission line 0 _r_p_
Lossless -8 T N
transmission with real zo or Y0 ZsinBZ(E*R) :'9- ‘%‘«‘5’ £
line and 8 = jge A 0
1
- oW Y
2Y0 0
B T,
__.L[ 2
Az T 1 sinB T
Rectangular as for transmission line |- —%(al'b) g 1 (a-B8) a
waveguide 8" v Bg rj_ v
operating in with 25 =bA , sing. T, 1
HIO mode g g p
B replaced by B = 2n/) 1
(width a, 8 Bl v b
*I‘Z;Z‘t‘; t}.i where A, = 3//1-(3/22)? 5
8 T 0 rq
" Zsing Z(S‘R) T (2‘,‘2) L
g 2 9
Ip
1 N i ]
T sinhg q
mew' | g @) w
as for transmission line - '—"_hFi 1
Uniform sin l:P 1
RC line n r""
(total resistance with 2 = isC 1 si:he }R
R, total 1 T q
: - S=(a+b) (a=8) C
capacitance C) and 6 = /SHC 4Ch & o r_q L ,"'
+sinh@ rp J

* w is aa — b or ae—b73 depending on whether we are dealing with a one-port or two-port element, respectively. Sensitivities for the re-
sistor, inductor, capacitor, short-circuited, and open-circuited transmission lines are valid for these elements viewed as one-port, two-port

series, and two-port shunt components.

if ¢ is contained in the element described by S. Using
(45), (47) becomes

as? da’
al —a —

o o

ge. (48)

If all external ports of the adjoint network are
matched with zero excitations, az=0, and since dag/
0¢ =0, the left-hand side of (11) is zero. If all 32 are zero
for the other elements, only the expression shown in
(48) remains on the right-hand side of (11), and (11)
reduces to

da, N

ZE o ar T 49
23 a é)qba (39)

where B¢ for the element is as given in (46). Clearly
da,/dy, required in (38), is obtained through a similar
formula. Indeed, da,s/0¢ and da,y/0¢, as required in
(40), can also be shown to have similar formulas associ-
ated with them. Thus we can obtain Va, from one addi-
tional analysis, Va, from another one, and so on, until
all the gradient vectors necessary to produce the da/d¢
and da/dy for situations corresponding to (38) and (39),

and 8a,/9y and day/0¢ for situations corresponding to
(40), are available.

An alternative way of computing the elements of H
suggests itself. Suppose it is desired to evaluate @,
(0S,/0¢)(0ays/0¢), as in (40), for all possible . Assume
(44) and (45), as before, but let

BT = "

5 (50)

In this case, the right-hand side of (11), with ¢ replac-
ing ¢, becomes

ES¢T 6a¢T
oy —
oy 3

where all other 3¢ are zero. If all external ports of the

adjoint network are matched with zero excitations,

ap =0, and since dag/d¢ =0, the left-hand side of (11),
with ¢ replacing ¢, is zero. Now, from (51)

6a¢ GS‘pT

= ay

42 oy

This approach, then, requires as many further anal-

yses of the adjoint network to compute the elements of

B¢” (51)

a¢T

Bt

oy (5 2)
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H as there are parameters to be varied, since excitations
of the form of (50) must be provided for every param-
eter.

All other things being equal, the choice of method for
evaluating second-order sensitivities would depend on
whether the number of variable parameters is less than
or greater than the number of relevant ports. One could
derive, for specific elements, second-order sensitivity
formulas which will, of course, involve first-order ex-
pressions such as shown in Tables II and III.

V. ReLaTIiON TO DIrRECT METHOD

The authors have presented a method for evaluating
first- and second-order sensitivities using the results of
only one analysis of the given network [8].8 It was shown
that

%5 _ [1 Se(r — SH)—I]G—E[ ' }aE (53)
) 3¢ L(I — S1)~Srz
where
s sl e
b; Srz Sidliar ar
and
by = Ta. (55)

Observe that (53) clearly leads to evaluation of the
gradient vectors of the port responses independently,
whereas (17) gives them only as a linear combination.
Premultiply both sides of (53) by some vector ag7,
define the adjoint network in terms of equations cor-
responding to (54) and (55), and note that I'’=T.
After some manipulation, one obtains

3bET [aE:‘T axT |:¢XE:|
g = .

L) ar d¢o Lor
To reduce the right-hand side of (56) to the right-hand
side of (16), one simply notes that ¢ belongs to a par-
ticular element and that d27/d¢ has appropriate non-
zero elements, which select out the appropriate @ and

a waves.
The same kind of comparison can be carried out for

(56)

second-order sensitivities, the direct-method result
being
b dX [0 0 X
b st sl (] 1=
dYog W Lo (T~ Si)~'d d¢
X [0 0 ox ¥z
L 12
¢ LO (T — Sy~ oy el
. )
. an.
(' — Sp)~*Srp K

8 The analysis technique is based on a paper by Monaco and
Tiberio [12].

—p (@)
oy~ —1
r— r—a r—’\___r“‘ﬁ r—
b [ (e [ P
~ (i1 oz 1!l 2z ror g bl g 2R
| Vol 2 [ mo
[ 1| [P N [
L_J L—J L—-d Lod L1
] 2 3 m ‘ol
by ~— ® A
Fig. 7. (a) m-section resistively terminated cascade of transmission

lines. (b) Arrangement for analysis indicating normalization num-
bers.

VI. EXAMPLES

Convenient examples are provided by the m-section
resistively terminated cascade of lossless transmission
lines shown in Fig. 7(a). It is desired to compute
V|p($, jw)|, where ¢ contains the lengths and charac-
teristic impedances of the lines. Note that

P*(¢’ jw)VP<¢7 ]w)\L
I p(¢a ]w) l j

P*((I): ]w)
=R G 5
¢ {al(jw)al(jw) | o(9,70) | } %)

using (24). Fig. 7(b) indicates how the one necessary
analysis was carried out. Thus a unit wave was assumed
incident on the resistor R. A transfer scattering matrix
analysis was carried out to find the wave a; necessary
to produce it. The waves on both ports of the m-+1
junctions were computed. Because of reciprocity and
the fact that the normalizing numbers were conveniently
1,Z1,Z,, - - - ,Zmand R, the formula (1/2Z,) (aTa—b7b)
could be used for characteristic impedances and (—jw/c)
aTh for lengths. In the latter case the element was
treated as a transmission line normalized to its own
characteristic impedance; in the former case it was
treated as a transmission line with normalizations cor-
responding to the adjacent elements.

Optimum two- and three-section quarter-wave trans-
formers with R=10 and a 100-percent bandwidth were
chosen. The parameter values were taken from [13].
Tables IV and V show the components of V]p[ at 0.5
GHz estimated from 1- and 0.01-percent incremental
changes in the parameters compared with those ob-
tained from the adjoint network method using one

analysis. Gradient calculations at other frequencies have
been made [14].

V| oo, e | =Re{

VII. DiscussioN

What do we mean by a network analysis and how do
we compare efficiencies of different methods of evaluat-
ing sensitivities? It is fairly obvious, for example, that
evaluating just the reflection coefficient at some fre-
quency of the network in Fig. 7 by transforming im-
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TABLE IV

COMPARISON OF GRADIENT COMPONENTS OF THE REFLECTION COEFFI-
CIENT OF THE 2-SECTION TRANSFORMER AT 0.5 GHz ([p] =0.4286)

Parameter :
Values Gradient Components

1-Percent 0.01-Percent Adjoint

Increment Increment Network
£, =7.49482 cm  -7.4397 x 1072 -7.3337 x 1072 7.2326 x 1072
2, =2.2%1 &  -1.8250 x 10} -1.8254 x 1071 -1.8254 x 1071
L, = 7.49482 em  -7.3745 x 107 -7.3330 x 107 -7.3326 x 10”2
Z, = 4.4721 @ 9.0050 x 1072 9.1260 x 1072 9.1272 x 1072

TABLE V
CoMPARISON OF GRADIENT COMPONENTS OF THE REFLECTION
COEFFICIENT OF THE 3-SECTION TRANSFORMER AT
0.5 GHz (]p]| =0.1973)

Parameter Gradient Components
Values PO’

1-Percent 0.01-Percent Adjoint

Increment Increment Network

-2 -2 -2

£, = 7.49482 e -4.4498 x 10 -4.3777 x 10 -4.3770 x 10
z) = 16371 & -4.3461 x 107} -4.3555 x 10°1  -4.3556 x 107}
£, = 7.49482 cm -9.1695 x 1072 -9.1204 x 1072 -9.1289 x 1072
z, = 3.16228 2 -6.7 x 1074 -6.5 x 1078 4.0 x 1077
Ly = 7.49482 cm  -4.3545 x 1072 -4.5767 x 1072 -4.3770 x 1072
Z4=6.11729 @ 1.1543 x 107} 1.1638 x 107} 1.1639 x 107

pedances can be faster than evaluating all the necessary
incident and reflected waves which will lead to the first-
order sensitivities. It would also appear, for example,
that using (57) in evaluating second-order sensitivities
involving only one matrix inversion might be more effi-
cient than using the adjoint network concept.

It is hard to answer these questions, in general, with-
out reference to particular networks and without con-
sidering whether the sparseness of the matrices will be
exploited. One can certainly expect some tradeoff be-
tween complexity of the formulas, computation time,
and numerical accuracy. If a given network, for ex-
ample, is divided into a large number of simple subnet-
works (elements), the formulas for the adjoint network
method will be simple, but there will be many waves to
be evaluated. If the network is divided into a smaller
number of subnetworks, the formulas become more com-
plicated but fewer waves need to be evaluated. The
parameters in both cases are assumed identical.
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VIII. CONCLUSIONS

This paper has presented some theoretical work which
facilitates the evaluation of first- and second-order sen-
sitivities of reciprocal and nonreciprocal networks in
terms of wave variables in a systematic and straight-
forward manner. Applications in accurate and efficient
gradient computation of wave-based objective functions
for optimal design of networks by computer are en-
visaged. The results are not limited to microwave net-
works but apply to any networks for which a wave de-
scription is to be employed.
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