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Optimum system modelling using recent gradient methods
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Laboratory, McMaster University, Hamilton, Ontario, Canada

[Received 4 January 1972]

Three gradient optimization methods have been applied to the problem of determining
an optimum low-order model for a high-order system. A comparison has been made
between the three methods (the highly regarded Fletcher—Powell method, the new
Fletcher method and the Jacobson-Oksman method) by obtaining second- and third-
order models of a seventh-order system so that the stop-response of the model approxi-
mates that of the system in the least-squares sonse.

1. Introduction

In a recent paper (Sinha and Bereznai 1971), the derivation of optimum
low-order models for a high-order system was discussed, with respect to any
specified criterion. In particular, the pattern search algorithm (Hooke and
Jeeves 1961) was applied to obtain second-, third- and fourth-order models of
a seventh-order system, using a number of different criteria for optimization.
Because of the poor convergence properties of the pattern search algorithm, it
is worth while investigating the application of efficient gradient methods to this
problem. One of the disadvantages of gradient methods is the necessity of
determining gradients. However, in this case, it is not a serious problem since
the dominant part of the expression consists of the partial derivatives of the
response of the low-order model with respect to its parameters, and this is the
same for any high-order system and any error criterion.

Among the available gradient methods, that due to Fletcher and Powell
{1963) is highly regarded. Two other methods have been proposed recently
(Fletcher 1970, Jacobson and Oksman 1970). Therefore, it was considered very
desirable to make a comparative study of the application of these three methods
to the problem of determining optimum low-order models for a given high-order
system.

To date, as far as the authors are aware, no comparative study of these
three gradient methods has appeared in the literature. Since two of the
methods are very recent, and at least one of them is not very widely known, a
brief review of these methods will be presented in this paper. This will be
followed by the application of the methods to the determination of second- and
third-order models of a seventh-order system minimizing the sum of squares of
the error between the two responses obtained at a specified number of sampling
instants over a given imterval. Minimization of the maximum error between
the two responses will be considered in a subsequent paper.

2. The new Fletcher method

To give a basic description of the new Fletcher method it is necessary to
briefly review the Fletcher—Powell method first. Suppose that it is desired to

8.8, [
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minimize a function F(x) of an n-dimensional vector x, given by
- T
x=[2, 2, ... 2,]%, (1)

where the superscript T stands for transpose.

Let g(x) be the gradient of F(x) with respect to x and let G denote the
corresponding Hessian matrix. The inverse Hessian G—1 will be approximated
by the matrix H. Define

§=Ax | (2)

as the increment in x, which is the correction made in the parameter veetor x
in order to decrease F(x).
The main feature of the Fletcher-Powell method is that the increment at the
ith iteration :
§=as .o : - (3)
is taken along the direction
' s=— Hg, (4)

where « in (3) is that value of A which minimizes #(x + As) along the direction
of s. In practice, « is determined by linear search. The matrix H is updated
at cach iteration using the formula

' - 86T HiyyTH:

. 41— H?
B ®
}v!icre

. Y=gt —gf ()
and the superscript ¢ denotes the value at the sth iteration. Initially H is
taken as the unit matrix, so that H? is positive definite for all i.

This method has the property of quadratic termination, that is, for a
quadratie function the mmimum can be located in at most » iterations. How-
ever, it depends on accurate location of the minimum along each direction of
search. This is done by cubic interpolation which, although it is the most
efficient method of search, requires several function and gradient evaluations.

The new Fletcher method dispenses with the linear search. The property
of quadratic termination, which depends on linear search, is replaced by a
property which requires, for quadratic functions, that the eigenvalues of H
tend monotonically towards those of G-1.  Also AF, the decrease in F, must
be sufficiently large to guarantee ultimate convergence. This is taken care of
by the following test. The change AF in F on an iteration would be expected
by Taylor’s series expansion to be approximately g8 for a small 8, but much
less than gT8 in absolute value when the position of the minimum along a line
is overestimated. The change in F relative to g'd cannot become arbitrarily

“small if

AF S 1)
g% "
where 0 < <1, a pre-assigned small quantity set at 0-0001. If corrections are
determined by

6= —AHg, (8)
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then trying values of A=1, w, w? w?, . . . for w=0-1 will eventually produce a &
that satisfies eqn. (7).
To avoid ill-conditioning in H, a new updating formula is introduced

5yT Hi_ HiY5T+ ) yT HiY) E‘ .
8Ty 8Ty 8Ty /&l

Hi+l= Hi— (9)
denote Hi+! in (9) as H,*' and H**!in (5) as H,*!. The formula in (9) has
the property that the eigenvalues of H tend monotonically to those of G-1,
Note, however, that H,;**! does not necessarily replace H,*!, as one of the two
is chosen for updating on the basis of the following test. If

STYZYT HiY’ (10)

then H,*?is used ; otherwise H,*! is used.
The algomthm is terminated when each component of 8 is less than € which
wag set at 1-0 x 106,

3. The Jacobson-Oksman method

This method is based on homogeneous rather than quadratic functions. A
consequence of this is that convergence is obtained in n + 2 steps for a homo-
geneous function of the form

F(x)=- (x—R)"g(x) + F (&), (11)

Q;l;—'

where x is an n-dimensional parameter vector as before, g(x) is the gradient of
F(x) as defined previously, 8 is the degree of homogeneity and & is the location
of the minimum of ¥(x). On the other hand, a quadratie objective function
may be expressed as

F(x) = 4{x—R)TQ(x— &) + F(R), . (12)

where @ is a constant positive definite matrix. Thus, it will be seen that eqn.
(12) is a special case of the homogeneous eqgn. (11) with §=2.

The basis of the method will now be discussed. Equation (11} may be
arranged as

RTg(x) + F(x) —w=xTg(x), (13)
where
w=0F(R). ' . (14)
Let; T '
v 2xTg(x),
y 2 [g"(x) F(x) —1]T, (13)

a2[RT § w]T,
For some point x, 4, eqn. (13) becomes
RS ATES PR (16)

where « and y are (n+ 2)-vectors. The vector a contains the unknowns & and
w and must be determined. If we evaluate v and y at n+ 2 distinet points

c2
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Xy, Xy, . ., X, 5, 50 that the resultant y;’s are linearly independent, we have

i 25 ¢!
.
v -
yZ a= :2 ’ (I ‘)
"
Ytz Vpya
or, in the matrix form

Ya=v. . (18)

Since the y;’s are linearly independent, the matrix Y is non-singular, giving
' a=Y"1ly. (19)

Matrix inversion can be avoided by using a recursive formula as new y; and
v; are evaluated. Starting with Py=1, an (n+2) x (n + 2) identity matrix and
vy =a,, an arbitrary initial guess, successive estimates of the vector a are given
by '
P s(vici—Yin ')
il P

; (20)

Ay =a;+

whete e, -is a unit (n + 2)-veetor having unity as the (¢ + 1)th element and zero
elsewhere, and where the P, are obtained successively from the formula

T T
Pe, (Vi1 Pi—e.,T)

t-+1 i T
Yier P&y

(21)

It can be shown that the algorithm finds the mintimum, the degree of homo-
gencity and ‘the value of the minimum after n + 2 iterations.

4. Statement of the modelling problem

The problem of determining optimum low-order madels for a given high-
order system may be stated as follows: It is required to find the transfer
function of a,model of a given order the response of which is the best approxima-
tion to the response of the uctual system to a particular input in a specified sense.
For this work, the input was taken as a unit step.

Often it is desirable to impose certain constraints on the model. For
instance, it may be required that the initial slope of the step-response of the
modcl be the same as that of the high-order system, and that the steady-state
valucs of the two responses be equal. In general, the transfer function of the
model may be written as

bys™ 4+ b, "+ L+ bis+ by
S, L sty

H(s) (22)

where m is less than or equal to »n for physical systems. The problem is, there-
fore, the determination of the parameter vector ¢, defined as

q’ = [bm bm—] ces bl b() Apy By ... Oy aO]T! (23)

such that the step-response of the model approximates the step-response of the
system in-an optimal manner.
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The choice of the criterion for optimization depends on the purpose for
which the model is to be used, and the portion of the response on which-emphasis
should be placed. Thus, a least squares criterion may be used if it is desired
to distribute the error. On the other hand, a weighted least-pth with a large
P, or & minimax criterion may be used if most emphasis is placed on the maxi-
mum deviation (Bandler 1969). Also, if it is desired to make the approximating
response look close to the actual response, the perpendicular error criterion
(Bereznai and Sinha 1970) may be used, where the maximum perpendicular
distance between the responses is minimized.

The optimum model is obtained by starting with an initial choice of the
parameter vector and then using one of the three gradient methodsto successively
obtain the optimum choice. The use of these techniques makes it necessary
to obtain the first partial derivatives of the objective function with respect to
the various parameters. Analytical expressions for the gradient with respect
to the parameters of the step-response of second- and third-order models are
shown in the appendix.

5. Example ‘

In order to compare the performance of the three minimization techniqueson
the modelling problem, it was decided to consider the seventh-order system used
in a previous paper (Sinha and Bereznai 1971), namely, the control system for
the pitch rate of a supersonic transport aircraft. The transfer function of the
system is given by
o 375000(s + 0-08333)

(s) = 874 8B3-6485 4 409755+ 7034251 4+ 85370352 + 2814271s% 4 33108755 + 281250

(24)

with a steady-state value of 0-1111.
Second- and third-order models of this system were obtained, of the follow-
ing forms

Hyfs)= o (25)
st 4as+a,
bis+ Ea,
M) = e v ay (26)

b,st+bs+ Ea s24x,54 &
Hy(s)= 32 +21 + oAy w8t 42+ 2,2 . 27)
S tas’tasta, (S+x,) (P +x842)

For each of the models, the parameter b, was made equal to e, in order that
the steady-state response of the model could be equal to E, which was either the
steady-state response of the system to a unit step or the value of that response
at 8 sec. It was found necessary to introduce this constraint, as otherwise the
problem did not have a unique solution. The response was approximated over
an interval of 8 sec using 21 uniformly spaced samples.

First the two-parameter problem resulting from eqn. (25) was tried. The
computer used was a CDC 6400 and typical C.P. times for this problem were
about 4 sec. K was 0-1111. Three different starting points were considered
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Fig. 1
system response
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() Response of the two-parameter model with steady-state value 0-1111, (b)
Response of the two-parameter model with steady-state value 0-11706.:

~

for each of the three methods and in every case the algorithms ultimately con-
verged to the same optimum parameters, a,=3:195912 and a, = 2-281056, with
the optimum value of the objective function 7-50758 x 10~* and the components
of the gradient less than 1-0x 10-®, Figure 1 {(a) shows the corresponding res-
ponse; Table 1 compares the number of function evaluations required for each
method for the objective function to reach the value of 7-50759 x 10~4, this
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value being 1-0x 10~? higher than the optimum ultimately obtained. From
table 1 it can be seen that both the new Fletcher method and the Jacobson—
Olksman method show an improvement over the Fletcher-Powell method, with
the Jacobson—Oksman method being slightly better than the new Fletcher
method.

Table 1. Number of function evaluations required to reach the objective funec-
tion value 7-50759 x 10~ for the two-parameter problem

l
Starting point x y=3-0, ¢, =20 ty=05, a;=05 | a,=10, ¢,=1-0

Jacobson—Oksman 21 19 14
New Fletcher 21 22 19
Fletcher—Powell 29 49 32

For the three-parameter problem represented by eqn. (26) with ¥ =0-1111,
typical computer C.P. times were about 6 sec on the CDC 6400. Again three
different starting points were tried with each method and in each case the
algorithms converged to the optimum a,=1-997397, a,=1-660663,
b, =4-370715x 102 with the minimum value of the objective function
1-582215x 10~% and the components of the gradient less than 1-0x10-®.
Figure 2 (a) shows the corresponding response. Table 2 compares the number
of function evaluations required to reach the objective function value of
1-588225 x 10~% in each case. Here again it is seen that the Jacobson-Oksman
and the new Fletcher methods are superior to the Fletcher—Pewell inethod and
the Jacobson—Oksman method is slightly better than the new Fletcher method.
However, there was one case, not shown, when the Jacobson—-Oksman method
failed. This was due to a very large step that made the objective function too

Table 2. Number of function evaluations required to reach the objective
function value 1-582225 x 10-* for the three-parameter problem

\ Method -
Starting \ Jacobson~Oksman New Fletcher Fletcher-Powell
point x AN
1-0
1-0 39 ’ 27 ' 60
1-0
05
2-0 39 76 : 274
4-0
10
05 29 35 58
0-1
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Fig. 2
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() Response of the three-parameter model with steady-state value 0-1111. ¢b)
Response of the three-parameter model with steady-state value 0-11706.

large for the computer to handle. In situations like this, one is tempted to
limit the step size. However, it was decided not to interfere with the algo-
rithm'in any way, as this might slow down the method at the beginning.

Since the approximation is over 8 sec and in that time the system does not
rench steady state, the steady-state value of the model, E, can be fixed to the
systemn response value at 8 sec. Figures 1 (b) and 2 (b) show the corresponding
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Table 3. Number of function evaluations required to reach the objective
function value of 1027406 x 10-% and central processor time if it is less
than 64 sec, or the value of the objective function reached in the time
limit of 64 sec :

Method
Starting New Fletcher Fletcher-Powell | Jacobson—Oksman
point x

1-25
28 N=535 225 88
2-3 F=1-027406 x 10-8| 1-027406 x 10~ F=1-027952 x 10-¢
07 C.P. Time=48 sec 22 sce

—01
50
4-5 140 780
35 1-027406 x 108 1-528774 x 10-¢
4-0 16 sec > 64 sec
2-0
32
0-8 4065 745
53 1-027406 x 10— 8449308 x 10-8

—2-6 45 sec > 64 sec
2-1
1-0
1-5 298
30 1-027406 x 10-%
40 30 sce
5-0
25
1-5 132 800
35 1027406 x 10-5 1-02883 x 10-9
0-1 15 sec > 64 sec
1.0

responses for the two- and three-parameter problems, respectively, with the
value of E equal to 0-11706. For the two-variable case the optimum para-
meters were a,=3-475712, a,=2-766808 with F =4-750160x 10-5. TFor the
three-variable case the optimum parameters were a,= 3975313, a, =3-039002,
b= —2-087874 x 10-* with F'=2-261484 x 10-5. :

For the five-parameter problem represented by eqn. (27), with E=0-11706
a number of starting points were considered in an effort to get some con-
vergence with the Jacobson—Oksman method, but with the exception of one
case, it always failed. The failure was, computationally, due to the objective
function becoming too large, as a result of large variations in the parameters.
The new Fletcher method converged to the same optimum in every case,
given by z,=1-027405, z,=2-855360, z,=2-301252, x,=0-662057 and
xy=—0-076045. The Fletcher-Powell method was much slower, and in only
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one case it converged within the central processor time limit of 64 sec; this
particular case being when the starting point was very close to the optimum.
T'lie results for five starting points are shown in table 3, where in addition to the
number of function evalnations, the minimum value of the objective function
obtained as well as the central processor time required are also given. The
response for the optimum is shown in fig. 3.

Fig. 3

. ---system response .
0.12

-—— model response

0.1 1

0.084

0.061

0.044

0.024

5 I 3 3 z M 2 3

time (seconds)

Response of the five-parameter model with steady-state value 0-11706.

6. Conclusion

From these examples it appears that both the new Fletcher method and the
Jacobson—Oksman method converge much faster than the Fletcher-Powell
method, as might have been expected. Although the Jacobson-Oksman
method gave a slightly better performance than the new Fletcher method in
a number of cases, it often failed, especially if the number of variable parameters
wag increased. This difficulty could perhaps be overcome by limiting the step-
sizc but probably it mmay slow down the initial performance of the algorithm.
As the new Fleteher method gave consistently good results, the authors feel that
it is the most suitable algorithm for problems of this type.

ACKNOWLEDGMENTS
This work was supported by grants A7239 and A3374 from the National
Research Council of Canada. The authors are particularly grateful to Dr.
D. H. Jacobson and Dr. R. Fletcher for making available their computer
programmes.



Downloaded by [Universitaetshibiothek Bonn] at 01:21 04 March 2015

Optimum system modelling using recent gradient methods

Appendix 1. The two-parameter problem
C(s) Ea,

Hys)= R(s) S +as+ag
For step input,
1
R(s) = -
8
Hence, .
E E E
O(s)——a"—=~— (s+a,)

oC(s)  Els+a,)

Oy (P4 as+a,)?

9C(s) Ea,

da,  (SP+as+ay)

43

(A 3)

(A 4)

(A 5)

The sensitivity function de(t){da, and Oc(t)/0a, can now be evaluated by
taking the inverse Laplace transforms of eqns. {A 4) and (A 5). These can be
easily obtained from standard tables. For example, if the poles of the trans-

form function are complex, i.e.
sP+as+ap=(s+a)*+ B2

then from eqns. (A 4) and (A 5) we have

%ell) B exp (=ol) | puy in Bt — apt cos B,

da, 26°
aa(ﬁ) __Fa, e;ga( — o) (sin Bt— Bt cos B).
Appendix 2. The three-para;.nete,- problem
Clsy= ot B B Blsta)-by

Cs(sPtasta,) s sEtapsta,’

aC(s)  E(s+a,)~b,

day (s +a,s+ay)?

oC(s) b5+ Ea,
da; (P ars+ag)
oC(s) 1

ob, 8 4as+a,

(A 6)

(A9)

(A 10)

(A 11)

(A 12)

(A 13)

The sensitivities in the time domain are again obtained by taking inverse

Laplace transforms.
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Appendix 3. The five-parameter problem

x5t a5+ Bz
Hy(s)=— > 2
(8 +3) (2 +y8 +2y)
v$2 x5+ Ex,x
0(8) — 5 ' 42 13
8(8 +25)(s® + 208 +2)

B B[+ (T +25)s + 5, +775) ] — 258 — 2
8 T (8t (sP s ty)

3

oC(s) X8 +y — Hao(s +x,)

Buy  (s+mg)(82 g8 +3,)%
0C(s)  wss*+xs+ Enyx,

0y (S +T5)(82+2ps +2,)2
90(s) wgs +x,— Bz,

By (+m)A (S +mps+ay)
3C(s) 1

Dy (S+ag)(st4mys+a,)

oC(s) 8

0t (8+x5)(s® +T8 +2,)
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